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Abstract. The circular polarization of the cosmic microwave background (CMB) is usually
taken to be zero since it is not generated by Thomson scattering. Here we explore the actual
level of circular polarization in the CMB generated by conventional cosmological sources of
birefringence. We consider two classes of mechanisms for birefringence. One is alignment of
the matter to produce an anisotropic susceptibility tensor: the hydrogen spins can be aligned
either by density perturbations or CMB anisotropies themselves. The other is anisotropy
of the radiation field coupled to the non-linear response of the medium to electromagnetic
fields: this can occur either via photon-photon scattering (non-linear response of the vacuum);
atomic hyperpolarizability (non-linear response of neutral atoms); or plasma delay (non-linear
response of free electrons). The strongest effect comes from photon-photon scattering from
recombination at a level of ∼ 10−14 K. Our results are consistent with a negligible circular
polarization of the CMB in comparison with the linear polarization or the sensitivity of current
and near-term experiments.
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1 Introduction
The past two decades have seen enormous progress in cosmology thanks to rapid advances in
the observational data. Most of our knowledge of the early Universe comes from the cosmic
microwave background (CMB), including in particular the temperature and linear polarization
anisotropies. Using these observations cosmologists have been able to constrain inflationary
models, tightly constrain the composition of the Universe (e.g. the ratio of photons, baryons,
dark matter, and neutrinos), pin down the epoch of reionization, realize that our Universe
is very close to spatially flat, and even explore the late Universe via secondary anisotropies.
– 1 –
However, the CMB anisotropies, while enormously useful, suffer from the limitation of cosmic
variance: with only one sky, we can access a finite number of independent modes in the CMB,
and thus there is a fundamental minimum statistical error [1]. The Planck mission has already
reached the cosmic variance limit in temperature over a wide range of angular scales [2].
The limitation posed by cosmic variance might be reduced by exploring other aspects
of the CMB; these also often carry not only more information, but information on otherwise
inaccessible physics. For instance, one could examine the spectral distortions of the CMB, i.e.
the deviations from a perfect blackbody spectrum. These encode information on the thermal
history of the Universe – e.g. energy injection from epochs well before last scattering, which
would be otherwise invisible – as well as very small-scale perturbations that are Silk-damped in
the CMB anisotropies and destroyed by non-linear evolution in galaxy surveys [3]. Today, the
“definitive” constraint on spectral distortions is from the COBE/FIRAS experiment, however
proposed experiments using modern technology (such as PIXIE [4] and PRISM [5]) could make
dramatic improvements. One could also consider sources of frequency-dependent anisotropy.
For example, Rayleigh scattering from neutral atoms leads to small frequency dependent
distortions to the CMB power spectrum [6, 7]. In terms of observations, future experiments
like PRISM and PIXIE may be able to detect this signal [8]. Another idea is to use the time
evolution of the CMB anisotropies [9], which probes the radial direction at the surface of last
scattering instead of giving simply a 2D slice.
This paper considers the circular polarization of the CMB. In radiative transfer problems,
circular polarization is often the result of a two-step process: first, linear polarization is
generated (e.g. by selective absorption or emission, or scattering), and then a phase delay is
induced between the x and y axes (e.g. passage through a birefringent medium; reflection off
a tilted surface). In this case, circular polarization traces the overall geometry of the setup as
well as properties of the medium. Examples include circular polarization of starlight [10] or
of diffuse radiation in star-forming regions [11], and the circular polarization observed from
solar system planets [12, 13]. An alternative source of circular polarization (relevant for both
foregrounds and new physics) involves magnetized media, where the intrinsic emission can
be circularly polarized due to the preferred handedness of particle trajectories, as occurs in
masers [14, 15], GRB afterglows [16, 17], and (we expect) in the diffuse synchrotron emission
from our Galaxy. In AGN jets, both mechanisms are considered as candidates as a wide range
of physical conditions and observed polarization properties can occur [18–21]. Finally, there
is ongoing discussion on the origin of circularly polarized radio emission from pulsars [22–24].
The circular polarization of the CMB is usually assumed to be zero in the context of standard
cosmology, though it could be a channel for new physics.
The interest in the circular polarization of the CMB has been steadily growing over the
recent past. This rising enthusiasm in circular polarization has also motivated the search and
study of new possible sources of circular polarization in the CMB, e.g. Zarei et al. [25] where
the authors show that the CMB picks up a small circular polarization using a background
magnetic field and by considering physics outside of the standard model. Mohammadi [26]
argues that CMB photons can acquire circular polarization because the anisotropies of the
cosmic neutrino background acts as a birefringent medium, although we do not expect such
a process from conventional physics.1 De & Tashiro [27] suggest that the CMB photons
1 The problem of a photon beam (A) experiencing birefringence by interacting with a neutrino beam (B)
is similar in concept to the photon-photon scattering problem treated in §5, except that a W and a charged
lepton appear in the loop [26]. Without loss of generality, the interaction can be treated in the center-of-mass
frame, where beams A and B are collinear. Under the little group of rotations that fix the momentum vectors,
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could become circularly polarized from propagating through a magnetized plasma by means
of Faraday conversion. King & Lubin [28] explore additional sources of circular polarization
in the CMB and conclude that Population III stars are the strongest source. They also discuss
the detectability of this signal. In addition, there has been considerable recent effort directed
towards observation of circular polarization; see Refs. [29, 30] for recent upper limits on the
CMB circular polarization.
Here we explore the possibility of circular polarization in the CMB due to cosmic bire-
fringence at high redshift. (Astrophysical mechanisms and foregrounds at low redshift are
outside the main scope of this paper, though we do comment on them briefly.) We restrict
ourselves to conventional physics in the standard cosmological scenario. We focus on order-
of-magnitude estimates because our main goal is to identify if an effect is strong enough to
require further examination; nevertheless, we keep factors of 2, pi, etc. in the derivation of the
indices of refraction because such effects can “multiply out” to give large factors even if these
are in principle order unity. We study different possible sources for cosmic birefringence and
estimate their respective levels of circular polarization near recombination.
Conversion of linear to circular polarization can occur in a medium where the two axes
(x and y) have different indices of refraction. There are two classes of ways this can occur in
cosmology. One is a medium where the structure of the matter has a preferred axis; in the
gas phase, this would come from alignment of the atomic spins by an external radiation field.
We will consider this mechanism both during the recombination epoch (where the dominant
alignment comes from the CMB anisotropies acting on excited hydrogen atoms through the
Hα line) and in the epoch of Cosmic Dawn (where the alignment comes from scattering of 21
cm radiation). The other involves the fact that the response of a medium to electromagnetic
fields is not linear. In non-linear electrodynamics, the presence of an anisotropic radiation
background2 makes the medium birefringent. We consider three sources of non-linearity: the
non-linearity induced by the ionized plasma component (where the non-linearity arises from
the finite displacements of the electrons); the non-linearity induced by the atoms (where
the non-linearity arises from the fact that the hydrogen atom potential is not a harmonic
oscillator); and the non-linearity of the vacuum (photon-photon scattering, where the non-
linearity arises from virtual electron-positron pairs).
Of these candidate primordial mechanisms, we find that photon-photon scattering at
recombination produces the strongest circular polarization. This mechanism has received the
greatest attention in the recent past [31–34], although we have had to correct some of the
calculations in the literature.
This paper is organized as follows. We start by studying some general facts of circular
polarization in the CMB in §2. We then proceed to consider each effect in turn; in every case,
we make an order of magnitude estimate and then proceed to a more detailed calculation. We
examine the effect of birefringence due to spin-polarization of the hydrogen atoms in §3 (for
the birefringence terms that convert linear to circular polarization in beam A (nQ and nU in the notation
of our §2) are spin 2. If beam B consists of spin-s particles, its density matrix contains components of spin
up to 2s; to have the needed spin 2 component, the spin of beam B must be at least 1. Thus consideration
of the symmetry group allows circular polarization to be sourced when beam B is a photon beam (spin 1),
but not when B is a neutrino beam (spin 1
2
). This argument remains true regardless of the neutrino masses
and PMNS matrix, and whether the neutrino has a Majorana or Dirac mass term. The linear-to-circular
conversion from an anisotropic neutrino background is thus not expected in conventional physics.
2An external magnetic field with net alignment would also do – it involves the same couplings but is a
DC rather than AC field. This is not present in the standard picture of the early Universe, but is relevant to
secondary sources of circular polarization and foregrounds.
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the Cosmic Dawn epoch) and §4 (for the recombination epoch). We consider photon-photon
scattering at recombination in §5. In §6, we estimate the cosmic birefringence due to the
static non-linear polarizability of hydrogen. Then we proceed to explore the birefringence
produced by plasma delay in §7. We conclude in §8. We use SI units throughout.
Unless stated otherwise3 throughout this paper we used the (Plick) Planck cosmology
[2]. Specifically, H0 = 67.26, Ωbh2 = 0.02222, Ωcdmh2 = 0.1199, Ωm = 0.316 and zre = 8.8.
2 General aspects of circular polarization
In this section, we explore some aspects of circular polarization in the CMB that are common
to all of the mechanisms in this paper.
Most CMB polarization is produced by Thomson scattering, which interconverts quadrupo-
lar anisotropy and linear polarization. However, symmetry considerations prevent Thomson
scattering from converting either temperature or linear polarization perturbations into circu-
lar polarization; this would have to come from propagation effects. Here the effect of interest
is birefringence. The general description of birefringence, for light propagating on the z-axis
in a medium of low density, is to introduce an index of refraction tensor,
nij = δij +
1
2
(χe,ij + χm,ij), (2.1)
where χe and χm are the electric and magnetic susceptibilities respectively and only the x
and y components of the tensor are considered (there is no longitudinal polarization). This
can be decomposed as
n =
(
nI + nQ nU + inV
nU − inV nI − nQ
)
. (2.2)
Here nQ is (half of) the difference of indices of refraction on the x and y-axes, and nU
represents the half-difference of indices of refraction on the two diagonal axes. The component
nI is the polarization-averaged index of refraction, which is not of interest as it induces no
phase shift. Finally, nV is the difference in indices of refraction between the two circular
polarizations; it is non-zero only for media that are not time-reversible (e.g. magnetized), and
is responsible for Faraday rotation; it does not convert linear to circular polarization. Since
the background cosmology is homogeneous and isotropic, nQ and nU must originate from
perturbations in either the matter or the radiation.
If we write ∆n as the difference of the two eigenvalues of n, we have a phase shift between
the two eigenvectors given by
∆φ = φx − φy =
∫
ω
c
∆ndrproper ≈ ω
c
∆n
∆χ
1 + z
. (2.3)
Here ω is the proper frequency of the CMB photons, z is the redshift and χ is the comov-
ing distance (see Table 1 for a glossary of physical quantities used throughout this work).
Conversion from pure linear to pure circular polarization occurs in the idealized circumstance
that nV is negligible, the phase shift is ±pi/2 and the incident linearly polarized wave makes
an angle of pi/4 to the principal directions of the birefringent material. In the cosmological
context, the phase shifts are 1 and instead we are concerned with conversion from pure lin-
ear polarization to mostly linear polarization with a small admixture of circular polarization.
3The line of sight computation for photon-photon scattering in §5 relies on an older version of the Planck
cosmology.
– 4 –
HH
H
H
H
H
(a) Matter-related mechanism: §§3 and 4.
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(b) Radiation-related mechanism: §§5, 6, and 7.
Figure 1: Two classes of cosmic birefringence sources. In Fig. 1a the inhomogeneous matter,
i.e. spin polarized hydrogen atoms, is responsible for the difference in indices of refraction.
The blue arrows represent the spins of the hydrogen atoms. Here the black arrows stand for
the radiation field, which can be either the CMB or the 21 cm radiation from other hydro-
gen atoms. In contrast, inhomogeneous radiation produces birefringence through nonlinear
response in Fig. 1b, here the red arrows stand for the CMB quadrupole and the x in the
circles corresponds to the source of the nonlinearity, e.g. vacuum, bounded electrons or free
electrons.
The circular polarization so induced is V = 2U∆φ [35], where U is the input diagonal linear
polarization in the frame chosen to align with the principal axes of the medium (nQ > 0,
nU = 0). In the more general case, where we allow anisotropy on an arbitrary axis, the
equation of radiative transfer [21], becomes
dV
drproper
=
2ω
c
(nQU − nUQ) or V =
∫
2ω
c
(nQU − nUQ) dχ
1 + z
. (2.4)
We proceed to classify the two kind of cosmic birefringence that will be treated in this
work in terms of the type of mechanism that generates the anisotropy nQ, nU 6= 0. In Fig. 1
we illustrate the two classes of sources: matter-related and radiation-related. Our first two
mechanisms are matter-related and both involve the spin-polarization of the hydrogen atoms;
however, the mechanism for the alignment of the spins is not the same for both cases. In the
Cosmic Dawn era (§3) the atoms are aligned by 21 cm radiation, whereas in the recombination
era (§4) the spins are aligned by Balmer line (mostly Hα) radiation. For the radiation-related
cases, the anisotropic radiation field is always the perturbed CMB, but the nonlinear behavior
in the radiation can be generated by the vacuum by electron positron pairs as in the case
of photon-photon scattering (§5), by bounded electrons in hydrogen atoms like in the static
nonlinear polarizability of hydrogen (§6) or by free electrons as in the plasma delay (§7).
Having discussed the origin of the circular polarization, briefly highlighted its importance
in astrophysics, and simplified our problem to identifying possible sources of birefringence,
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Table 1: Glossary of physical quantities used in this paper.
Symbol SI unit Physical quantity
z 1 Redshift
ω s−1 Angular frequency of the CMB photons
χ m Comoving distance
µe J T−1 Magnetic moment of the electron
nH m−3 Number density of hydrogen atoms
nnl m−3 Number density of hydrogen atoms for the state nl
ωhf s−1 Angular frequency of the hyperfine transition
ωme s−1 Electron mass in angular frequency units, mec2/~
ωLyα s−1 Angular frequency of the Lyman−α photons
ρnm 1 Components of the density matrix
Pjm 1 Irreducible components of the density matrix
E¯
(0)
n J Energy eigenvalues of the unperturbed hamiltonian
µi J T−1 Magnetic dipole moment in the i-direction
F 1 Total angular momentum quantum number (nuclear + orbital + spin)
M 1 Total magnetic quantum number
αij C m2 V−1 Components of the atomic electric polarizability tensor
αmij J T−2 Components of the atomic magnetic polarizability tensor
Q, U , V K Stokes parameters (in temperature units)
T = TCMB = Tγ K Temperature of the CMB
Ts K Spin temperature
τ 1 Optical depth
Cl 1 Angular power spectrum of ∆T/T
Pδ m3 Matter power spectrum
Pζ m3 Primordial curvature power spectrum
H s−1 Hubble expansion rate
Jα m−2 s−1 Hz−1 sr−1 Flux of Lyman−α photons on the blue side of the line
S˜α,(2) 1 Correction factor for the Lyman-α line shape
Γ2p s−1 Einstein A-coefficient for the Lyman−α
γ2p Hz HWHM of the Lyman−α line
Ax→y s−1 Einstein A-coefficient for the transition from state x to state y
xe 1 Ionization fraction
Xi 1 Fraction of hydrogen atoms in level i
Λ s−1 Decay rate for the two-photon decay
αB m3 s−1 Case B recombination coefficient (used in the Peebles model)
UBani J m−3 Anisotropic magnetic energy density of the CMB
UEani J m−3 Anisotropic electric energy density of the CMB
Ae T−2 Euler-Heisenberg interaction constant
χisoe 1 Isotropic contribution to the electric susceptibility
χisom 1 Isotropic contribution to the magnetic susceptibility
χani,eij 1 Anisotropic contribution to the electric susceptibility
χani,mij 1 Anisotropic contribution to the magnetic susceptibility
sYlm 1 Spin-weighted spherical harmonic
arad J m−3 K−4 Radiation energy density constant
αANL,ij C m2 V−1 Anisotropic non-linear components of the polarizability tensor
dU/d~Ω J m−3 sr−1 Energy density in ambient electromagnetic waves per unit solid angle
γ J m4 V−4 Second-order hyperpolarizability of the hydrogen atom
we proceed to study spin polarized hydrogen atoms as a source of birefringence in §3.
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3 Birefringence from spin polarized hydrogen atoms from the Cosmic
Dawn epoch
In this section we will explore spin polarized hydrogen atoms as a possible source of cosmic
birefringence. Hydrogen atoms in the Cosmic Dawn epoch can become spin-polarized in the
presence of an anisotropic radiation background, which here is primarily the 21 cm radiation
field generated by other nearby atoms [36]. Since the line is narrow and is formed in an
expanding medium, the line profile-weighted intensity and the probability of re-absorption
depend on the Einstein coefficients, the local density, and the velocity gradient [37].4 In an
unperturbed universe, the resulting radiation in the 21 cm line is isotropic, but in the presence
of velocity shear (direction-dependent velocity gradient) it has a quadrupole anisotropy. For
pedagogical purposes we elaborate on the mechanism that leads to this anisotropic radiation
in appendix D. This anisotropic radiation unevenly populates the triplet state of the hyperfine
F = 1 level as illustrated in Figures 1 and 2 in Ref. [36].
Thus the 21 cm anisotropic radiation is continuously sourcing the anisotropy of the spins
of the hydrogen atoms. The alignment of the hydrogen spins in steady state is the result of
the balance between the aligning effect (anisotropic component of the 21 cm radiation) and
the randomizing effect from collisions, Lyman-α radiation and the isotropic component of 21
cm radiation. Spin-polarized hydrogen is then a source of birefringence because the magnetic
polarizability of a hydrogen atom in the F = 1 level is different on the axes parallel to and
perpendicular to the total angular momentum.
As a starting point we will compute an order of magnitude estimate for both the bire-
fringence and the phase shift generated because of this effect. Note that this mechanism only
applies to hydrogen – the other abundant element in the early Universe, helium, is a spin
singlet and cannot be polarized.
3.1 Order of magnitude
We start with a semiclassical order of magnitude estimate of this effect at 1 + z = 20. The
difference in indices of refraction should be proportional to the number density of hydrogen
atoms nH, the magnetic permeability and the magnetic polarizability, ∆n ∼ nHµ0∆αm. This
polarizability should depend on the polarization of the hydrogen atoms, which is described
by irreducible spherical tensor components of the density matrix: using the conventions of
Ref. [36], there is a spin-0 part (net population of the F = 1 level), spin-1 part (net vectorial
polarization of the atomic spins), and a spin-2 part (“headless vector” alignment of the atomic
spins). The relevant part is only the spin-2 part of the density matrix P2m, which has the
correct symmetry properties to generate nQ and nU since Q and U are spin-2 quantities.
The anisotropy of the magnetic polarizability should scale linearly with the atomic polar-
ization: ∆n ∼ nHµ0P2m∆αm|pp, where ∆αm|pp is the anisotropic polarizability for perfectly
polarized atoms. This perfectly polarized polarizability can be approximated by the change
in magnetic moment from the magnetic field in the time ∼ 1/ω, where ω is the CMB photon
frequency. The change in angular momentum is ∼ µeB/ω, where µe is the magnetic moment
of the electron, and the change in magnetic moment is different by a factor of ∼ µe/~. Hence
4The line width itself does not matter as long as it is narrow. This is because as the line profile gets
narrower, there are two competing effects: (i) the path length over which the photon can be reabsorbed gets
smaller; but (ii) the cross section increases over a small range of frequencies centered on ν21 as appropriate
for a δ-function. Thus there is still a finite probability to reabsorb the redshifted 21 cm radiation by the
surrounding neutral hydrogen atoms.
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H~BCMB ∝ e−iωt
~Se
~Sp
xˆ
(a) Spin polarized hydrogen atom.
H
yperfine
axis
C
M
B
axis
xˆ
(b) Simplified trajectory for the spin of
the electron.
Figure 2: Spin polarized hydrogen atom with CMB magnetic field. Note that the CMB field
is oscillating with frequency ω, which is considerably larger than the hyperfine frequency. We
have used red to illustrate the hyperfine contribution, i.e. the spin of the proton. In the
absence of hyperfine structure the change in the magnetic moment is perpendicular to the
CMB magnetic field, see the blue line in figure 2b. Note that we show the precession of the
electron spin with respect to the proton spin ignoring the CMB magnetic field in figure 2a,
however, it should be pointed out that the proton spin also precesses around the electron
spin. We illustrated the hyperfine contribution with the red line in figure 2b.
∆αm|pp ∼ µ2e/~ω = αc50/(ω2meω), where α is the fine structure constant, c is the speed of
light, 0 is the vacuum permittivity and ωme = mec2/~ is the mass of the electron in frequency
units. Then the classical birefringence is given by ∆n ∼ αnHc3/(ω2meω)× P2m.
Nevertheless, this simple estimate is incorrect, since the change in angular momentum
(and hence magnetic moment) is perpendicular to the magnetic field and hence the diagonal
(or, more generally, symmetric) contribution to αmij vanishes (see Fig. 2). Hence one gets no
contribution to nQ or nU . However, if we consider the coupling to the spin of the proton i.e.
the hyperfine structure, then the electron spin would now try to precess around the proton
spin, and vice versa. This interaction results in a small component of the magnetic moment
of the electron aligned with the magnetic field (see §IVB of Ref. [38] for a detailed description
of how this works). Hence, the electron magnetic moment follows an ellipse with major
axis sourced by the CMB anisotropies and minor axis sourced by the hyperfine splitting.
Therefore, one should multiply the previous estimate for the birefringence by the ratio of the
axes ∼ ωhf/ω to include the correct geometrical factor. Evaluating the different parameters
at redshift 1 + z = 20,
∆n ∼ αnHc
3
(ωmeω)2
ωhfP2m ∼ 10−36, (3.1)
where we have used the results of Ref. [36] to estimate the alignment tensor at the desired
redshift of 1 + z = 20 (P2m ∼ 10−5) and ω ≈ 6× 1012 rad s−1.
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Applying Eq. (2.3) for a photon with λ ∼ 1 mm today (λ ∼ 5× 10−5 m at 1 + z = 20),
and with a proper distance of approximately 100 Mpc (the Hubble length at 1 + z = 20), we
find a phase shift of
∆φ ∼ 10−7. (3.2)
Note that the spin alignment direction will vary along the line of sight, so this should be
thought of as an upper limit to the integrated phase shift.
3.2 Detailed calculation
We now turn to the detailed calculation of the CMB circular polarization induced by prop-
agation through spin-polarized neutral gas. There are three steps to this calculation. First,
we apply quantum mechanics to determine the anisotropic magnetic polarizability of the
atoms and hence index of refraction of the gas. Then we invoke previous computations of
the spin-polarization in the Cosmic Dawn epoch to relate this to the cosmological density
perturbations. Finally we use the statistics of large-scale structure (specifically the Limber
equation, which deals with projected quantities) to compute the RMS circular polarization.
In the Schrödinger picture, the Hamiltonian for a hydrogen atom in an oscillating mag-
netic field is given by
H = H(0) +H(1) = H(0) −B0jµje−iωt −B∗0jµjeiωt, (3.3)
where ω is the frequency from the CMB photons and µj is the magnetic dipole moment.
We suppose that the unperturbed state of the atom is |Ψ(0)〉, and that this is an eigen-
state of H(0) with energy E0. Using first-order perturbation theory, we find that the pertur-
bation to the state is
|Ψ(1)〉 =
∑
n
[
B0je
−iωt
E
(0)
n − E0 − ~ω
+
B∗0je
iωt
E
(0)
n − E0 + ~ω
]
〈n|µj |Ψ(0)〉, (3.4)
where E(0)n is the unperturbed energy of state |n〉. The perturbed dipole moment is
〈µi〉 = 〈Ψ(0)|µi|Ψ(0)〉+
∑
n
〈Ψ(0)|µi|n〉〈n|µj |Ψ(0)〉
[
B0je
−iωt
E
(0)
n − E0 − ~ω
+
B∗0je
iωt
E
(0)
n − E0 + ~ω
]
+ c.c.,
(3.5)
where “c.c.” indicates a complex conjugate. We can then identify the magnetic polarizability
tensor at positive frequency, αmij , as the coefficient of B0je
−iωt in µi:
αmij =
∑
n
[
〈Ψ(0)|µi|n〉〈n|µj |Ψ(0)〉
E
(0)
n − E0 − ~ω
+
〈Ψ(0)|µi|n〉∗〈n|µj |Ψ(0)〉∗
E
(0)
n − E0 + ~ω
]
. (3.6)
Finally, we are interested in the average response over an ensemble of atoms in the F = 1 level,
described by a density matrix ρMM ′ . To carry out this average, we make the replacement
|Ψ(0)〉〈Ψ(0)| → ρ:
αmij =
∑
n,M,M ′
[
ρMM ′〈1,M ′|µj |n〉〈n|µi|1,M〉
E
(0)
n − E(0)F=1 − ~ω
+
ρM ′M 〈1,M ′|µj |n〉∗〈n|µi|1,M〉∗
E
(0)
n − E(0)F=1 + ~ω
]
. (3.7)
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The magnetic dipole moment has three main ingredients – contributions from orbital
motion, electron spin and nuclear spin:
µ = − e
2me
L− e
me
S +
egp
2mp
I ≈ − e
me
S, (3.8)
where we have dropped the first term since we are working with electrons in s-orbitals and
the third term since mp  me. Using Eq. (3.8) and the Clebsch-Gordan coefficients, we can
construct any of the matrix elements needed for the polarizability tensor.
We furthermore use that E(0)F=0 − E(0)F=1 = −~ωhf . Then
αmxx ≈
e2~
8m2e
(
1
−ωhf − ω +
1
−ωhf + ω
)
(ρ11 − ρ−1,1 + ρ−1,−1 − ρ1,−1). (3.9)
Taking the limit of ω  ωhf , the xx component of the susceptibility is given by
χxx ≈ nH e
2µ0
4m2e
ωhf
ω2
(ρ11 − ρ−1,1 + ρ−1,−1 − ρ1,−1). (3.10)
Similarly,
χyy ≈ nH e
2µ0
4m2e
ωhf
ω2
(ρ11 + ρ−1,1 + ρ−1,−1 + ρ1,−1). (3.11)
At last, we can compute the birefringence using Eq. (3.10) and Eq. (3.11):
2nQ ≡ nxx − nyy ≈ −2piαnHc
3ωhf
ω2meω
2
(ρ−1,1 + ρ1,−1) = − 2pi√
3
αnHc
3ωhf
ω2meω
2
(P22 + P2,−2), (3.12)
where ωme is the mass of the electron in frequency units, and in the last step we changed from
the density matrix to the irreducible components of the density matrix following Ref. [36].
The alignment tensor for hydrogen atoms in the range of redshifts we are currently
interested in is given in the Fourier domain [36] as
P2m(kˆ) = 1
20
√
2
T∗
T
(
1− T
Ts
)
τ
1 + xα,(2) + xc,(2)
δm(kˆ)
√
4pi
5
Y2m(kˆ), (3.13)
where kˆ is the direction of the wavevector of the radiation, τ is the optical depth of the
neutral hydrogen gas, Ts is the spin temperature5, T∗ = 68mK is the hyperfine splitting in
temperature units, δm is the density contrast and the xx parametrize the rates of depolariza-
tion by optical pumping and collisions. We neglect the primordial magnetic field term since
we are focusing specifically on conventional physics in this study. The derivation of Eq. (3.13)
is presented in Ref. [36], but the reader who wishes to follow the basic ingredients without as
much mathematical formalism may consult the abbreviated treatment in Appendix D.
We may now compute the phase shift using Eq. (2.3):
dφ
d ln a
=
c
aH
dφ
dχ
=
ω
H
(nxx − nyy)
= − 2pi√
3
αc3ωhf
ω2me
nH
ωH
(P2,2 + P2,−2)
= −1.4× 10−7
(
1 + z
20
)1/2(P2,2 + P2,−2
10−5
)(
100 GHz
νtoday
)
, (3.14)
5The spin temperature parametrizes the difference of population of hydrogen atoms in the hyperfine F = 1
and F = 0 levels.
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where we obtain our estimate for the alignment tensor from the expression computed by
Venumadhav et al. in [36]. Note that the pre-factor in Eq. (3.14) is an over-estimate of the
net phase shift since the sign of P2,m will change along the line of sight.
To obtain the net circular polarization due to the passage through the neutral medium,
we need to write out the full line-of-sight integral and then perform a statistical study. There-
fore in what follows we are no longer constrained to a single redshift. The conversion integral,
Eq. (2.4), can be written as
V =
2ω0
c
∫
UnQdr − 2ω0
c
∫
QnUdr. (3.15)
Substituting in Eqs. (3.12) and (3.13), we find that
V = UφQ −QφU , where φQ = p
∫
W (r)[Y22(kˆ) + Y2,−2(kˆ)]δm(rnˆ)dr (3.16)
(and similarly for φU ). Here kˆ is the direction of the wave-vector of the radiation and
p =
−2pi√
3
αω0c
2ωhf
ω2me
and W (r) =
1
20
√
2
√
4pi
5
nH
ω2
T∗
TCMB
(
1− TCMB
Ts
)
τ
1 + xα,(2) + xc,(2)
.
(3.17)
[Note that Eq. (3.16) contains both a real-space line of sight integral and density field, and
a Fourier-space operator, Y2m(kˆ), that depends on the direction of the Fourier modes. The
latter is intended to operate on the density field in the sense of taking the inverse Fourier
transform, multiplying by the stated function of k, and Fourier-transforming back.]
The optical depth for resonant 21 cm absorption is given by Eq. (87) of [36]
τ(z) =
pi2c3nH(z)Ahf(3− 4P00(z))
H(z)ω3hf [1 + (1/H(z))(dv‖/dr‖)]
≈ 3c
3nH(z)Ahf
4ω3hfH(z)
T∗
Ts
, (3.18)
where the Ahf is the Einstein coefficient and P00 ≈ 3/4 − 3T∗/(16Ts) is the occupancy of
the excited state. Note that the Hubble flow in the denominator indicates the path length
available for a 21 cm photon to resonate with nearby neutral hydrogen atoms before its
frequency is shifted out of resonance by the Hubble flow. Finally, τ is used here multiplying
a perturbation, so to linear order we may use its value in the unperturbed Universe.
The total variance of V is related to that of the phase shifts via
V 2rms = 〈(UφQ −QφU )2〉 = 2〈Q2〉〈φ2Q〉, (3.19)
where we have used the symmetry relations that 〈Q2〉 = 〈U2〉, 〈QU〉 = 0, and similarly for
the phase shifts.
Here 〈Q2〉 is simply the linear polarization of the primary CMB; it is given by
〈Q2〉 = 1
4pi
∫
`2(CEE` + C
BB
` )
d`
`
. (3.20)
The variance of the conversion angle 〈φ2Q〉 can be obtained from its power spectrum:
C
φQ
` = p
2
∫
W 2(r)Pδ
(
k =
`
r
)
dr
r2
|G(ˆ`)|2, (3.21)
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Figure 3: Integrands of Eq. (3.25). Essentially, figure 3a represents the contribution of the
linear polarization of the CMB to the rms of the circular polarization. Note that the peak
of the distribution is approximately at ` = 1000. In figure 3b we have evaluated the power
spectrum at z = 20. This is the contribution due to the spin polarized hydrogen atoms. Note
that the peak of the distribution is near k ∼ 0.1 Mpc−1.
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Figure 4: Window function, note that we multiply the y axis by a factor of 1036 for conve-
nience.
where Pδ is the matter power spectrum, ˆ` is the direction in the sky, and G(ˆ`) = Y22(ˆ`) +
Y2,−2(ˆ`). Normally we average C
φQ
` over azimuthal directions, so we make the replacement
|G(ˆ`)|2 → 1
2pi
∫ 2pi
0
∣∣∣G(pi
2
, φ
)∣∣∣2 dφ = 15
16pi
. (3.22)
Changing variables from proper distance to redshift using dr = c dz/H(z) gives
C
φQ
` =
15
16pi
p2
∫
W 2(r)Pδ
(
k =
`
r
, z
)
c dz
r2H(z)
, (3.23)
and hence
〈φ2Q〉 =
1
2pi
∫
`2C
φQ
`
d`
`
=
15
32pi2
p2
∫
W 2(r)
[∫
k2Pδ
(
k =
`
r
, z
)
dk
k
]
c dz
H(z)
. (3.24)
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Combining this with Eq. (3.20), we conclude that the RMS circular polarization is
V 2rms =
15p2
64pi3
[∫
`2(CEE` + C
BB
` )
d`
`
] ∫
W 2(r)
[∫
k2Pδ
(
k =
`
r
, z
)
dk
k
]
c dz
H(z)
. (3.25)
Here in principle the integrals over ` and k range over all scales, although they are dominated
by the peak of the CMB polarization power spectrum (` ∼ 103) and the k2-weighted matter
power spectrum (k ∼ 0.5Mpc−1), respectively. This is shown in Figures 3a and 3b. The
redshift integral extends over the Cosmic Dawn epoch – from the beginning of the Lyman-α
coupling (when Ts drops below Tγ) through reionization (when there are no more neutral
hydrogen atoms); here we take the range 8.8 < z < 34.
We first focus in the `-integral. We obtain the angular power spectrum for the linear
polarization from CLASS [39],
V 2rms =
15p2
64pi3
[
252 (µK)2
] ∫
W 2(r)
[∫
k2Pδ
(
k =
`
r
, z
)
dk
k
]
c dz
H(z)
. (3.26)
In order to compute the RMS of the circular polarization from Eq. (3.26) we employ
21cmFAST [40, 41], with the Plick cosmology from Planck and mostly all the default param-
eters from the code6, to directly obtain the spin temperature and the Lyman-α flux (which
is needed for the rate of depolarization by optical pumping) as functions of redshift. Then
one can compute the optical depth of the neutral hydrogen gas with Eq. (87) of [36] (i.e.
Eq. (3.18)). Moreover, using Eqs. (98-99) of [36] and the Lyman-α flux, we compute the rate
of randomizing spins by collisions xc,(2) and Lyman-α photons xα,(2). In addition, the matter
power spectrum was extracted from CLASS with the Planck cosmological parameters (see
Figure 3b) also we plotted the window function in terms of redshift in Figure 4. We get
Vrms = 3.1× 10−16 K. (3.27)
Our resulting circular polarization amplitude may be sensitive to the reheating and
reionization history chosen in the 21cmFAST realization, since these control the window
function W . The peak of |W | occurs at the era when the Lyman-α coupling turns on (xα
of order ∼ 1) since the window function is suppressed both in the limit of xα  1 (where
Ts ≈ TCMB) and the limit where xα  1 (where Ts and τ are constant but xα,(2) is large). In
our fiducial model this happens at z = ztrans ∼ 17, and this is before the redshift zheat when
X-ray heating is significant. If we vary the Lyman-α coupling transition redshift ztrans, but
retain the assumption that ztrans > zheat – so that the gas kinetic temperature Tk ∝ (1 + z)2
in accordance with adiabatic expansion – then we have W (ztrans) ∝ (1 + ztrans)1/2, so over
reasonable (factor of ∼ 2) variations in the Lyman-α coupling redshift there are only minor
changes in the implied window function and circular polarization properties. If X-ray heating
took place before Lyman-α coupling, then 1 − TCMB/Ts is suppressed (it may flip sign, but
since 1/Ts is bounded, |1− TCMB/Ts| can never be as strong in emission as it is for unheated
gas in absorption), and also τ is suppressed – thus the window functionW can be suppressed.
We thus conclude that it would be difficult to increase the circular polarization signal by more
than a factor of a few with standard physics7, but with X-ray heating it could be significantly
6We use Population III stars as the sources for early heating.
7The EDGES experiment [42] has recently reported a stronger absorption dip in 21 cm radiation than
would be expected even for no X-ray heating and Ts ≈ Tk (but see, e.g., Ref. [43]). If confirmed, this would
imply a larger optical depth τ and greater circular polarization than conventional scenarios. Since this paper is
focused only on mechanisms that operate in the conventional cosmological model without adding new physics,
we do not consider this further here.
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suppressed. In any case, the Cosmic Dawn circular polarization signal is small both compared
to potentially observable signals and to other sources of circular polarization.
Having done the analysis of the circular polarization produced by the spin polarized
hydrogen atoms at the Cosmic Dawn epoch, 8.8 < z < 34; we proceed to explore the same
effect near recombination, 1 + zrec ∼ 1000.
4 Birefringence from spin polarized hydrogen atoms at recombination
Birefringence from spin-polarized atoms should exist not just during reionization but also
during the epoch of recombination. The main difference is that the spin alignment is not
coming from the 21 cm radiation, but rather from the much more intense Balmer radiation
(primarily Hα) present during recombination.
4.1 Order of magnitude
Aside from the actual mechanism behind the alignment of the spins, which is mainly present in
the expression for P2m, the dependence of the cosmic birefringence on the physical parameters
from the last section should remain intact. Thus we can use Eq. (3.1) here with only two
caveats. First, redshift factors must be evaluated at recombination, and we must construct
an expression for the alignment tensor
nx − ny ≈ αnHc
3ωhf
(ωmeω)2
P2m. (4.1)
The main issue is how to estimate P2m. This is determined by a balance between the isotropic
component of the radiation bath, which acts to randomize the orientations of hydrogen spins
(with a rate R) and the anisotropic components, which act to align the spins (with a rate
S2m):
P˙2m = −RP2m + S2m. (4.2)
The major randomizing processes that we would consider are Lyman-α scattering and 21 cm
absorption/emission.8 The rate of Lyman-α scattering per hydrogen atom is similar to the
2p→1s decay rate, since 2p is mostly populated and de-populated via Lyman-α: R(Lyα) ∼
ALyαx2p ∼ (109 s−1)(10−14) ∼ 10−5 s−1. The rate of 21 cm absorption/emission is the natural
rate 3 × 10−15 s−1 enhanced by the stimulated emission factor for the Rayleigh-Jeans tail of
the CMB, Tγ/T? ∼ (3000 K)/(68 mK) = 4 × 104: thus R(21 cm) ∼ 10−10 s−1. Thus, in
terms of spin-randomizing processes, we can neglect the 21 cm interaction in comparison
with Lyman-α.
Let us now turn to the contributions to the alignment, S2m: one can expect the atoms to
be polarized if the radiation field in any of the major atomic lines is anisotropic. We would first
consider the Lyman series, since this interacts directly with the ground state, however the opti-
cal depth is so large (of order 109 for Lyman-α) that the radiation is extremely isotropic. Thus
we instead consider the Balmer series, which is optically thin and has anisotropies equal to
the continuum background radiation, i.e. of order Θ2m ∼ 10−5. At z ∼ 1100, the CMB black-
body peak is at λ ∼ 1 µm, and hence of the Balmer lines, Hα will dominate the atom-CMB
8Rayleigh scattering does not flip the hydrogen spins, since unlike Lyman-α scattering it is non-resonant.
Thus the energy denominators 1/(Einit + hν −Eexc) in the scattering amplitude are approximately the same
for all spin states, and the scattering amplitude is a Kronecker delta in the spin states. A similar argument
applies to the 1s− 2s two photon transition.
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Figure 5: Relevant processes for estimating the alignment tensor. The contribution from
Lyman-β and Lyman-α are represented by solid lines. The dashed lines represents the Hα
transitions. The 2γ transition will play a minor role in the Peebles model calculation.
interactions. The alignment mechanism would be 2s→3p→1s (see Fig. 5). The alignment
rate would be S2m ∼ AHαx2se−hνHα/kBTΘ2m ∼ (107 s−1)(10−14)(10−3)(10−5) ∼ 10−15 s−1.
We should also consider the anisotropy in the 21 cm line, coming from the Rayleigh-Jeans
tail of the CMB anisotropies. If the CMB has an anisotropy Θ2m, then we would ex-
pect that in steady state (i.e. setting P˙2m = 0 in Eq. 4.2) and considering only the 21
cm line, that the solution would be a spin temperature that differs by ∆Ts = Θ2mTs
depending on which excited state is used to define the spin temperature. This leads to
P2m(steady state) ∼ Θ2mT?/Ts ∼ 2 × 10−5Θ2m (since Ts ≈ Tγ in the recombination epoch),
and hence S2m(21 cm) ∼ 2 × 10−5R(21 cm)Θ2m ∼ 2 × 10−20 s−1. Thus we are justified in
ignoring alignment by 21 cm in comparison to Hα.
Figure 5 shows the key radiative processes involving hydrogen atoms in energy levels up
through the third shell. We have seen that the dominant randomizing term (R in Eq. 4.2)
is through Lyman-α scattering with R ∼ 10−5 s−1, while the dominant aligning term (S2m)
involves Hα absorption by the n = 2 level, with the n = 3 intermediate level, followed by Lyβ
emission to the n = 1 level, here S2m ∼ 10−15 s−1. This leads to P2m ∼ 10−10. We would
then obtain a birefringence of
nx − ny ≈ 10−40, (4.3)
where we have evaluated the redshift dependent parameters at 1 + z = 1000, namely nH ≈
2×108 m−3 and ω ∼ 1015 rad s−1 (approximate angular frequency of a CMB photon). Using
Eq. (2.3) for a photon of 1 µm at the desired redshift, and a proper path length of the horizon
size at recombination ∼ 100 kpc (physical), we would have a phase shift of
∆φ ≈ 10−12. (4.4)
4.2 Detailed calculation
We now perform a more detailed calculation of the circular polarization induced to the CMB
by spin-polarized neutral hydrogen atoms at recombination, with an emphasis on estimating
the alignment tensor. The key radiative processes are shown in Fig. 5; we note that P2m
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is both sourced by the CMB (hence Hα) anisotropy, but that there is also the randomizing
effect of Lyman-α scattering.
First, let us deal with the randomization by Lyman-α photons. From [36], we find that
P˙2m|Lyα = −0.601× 6piλ2Lyαγ2pS˜α,(2)JαP2m, (4.5)
where λLyα = 1215 Å is the wavelength of a Lyman-α photon, Jα is the flux of Lyman alpha
photons on the blue side of the line, S˜α,(2) corresponds to correction factors for the detailed
frequency dependence of Lyman-α flux (we approximate this as 1 since the corrections are
small at high temperature), and γ2p is the half-width at half maximum (HWHM) of the 2p
states, given by
γ2p =
Γ2p
4pi
≈ 5.0× 107 s−1, (4.6)
where Γ2p is taken to be the natural width (i.e. the Einstein coefficient for 2p→1s decay).
We use the cosmological recombination code HyRec [44] to compute the Lyman-α flux,
Jα = 0.353 m
−2 s−1 Hz−1 sr−1 at 1 + z = 1000. Therefore, the randomizing effect is given by
P˙2m|Lyα ≈ −(2.97× 10−6 s−1) P2m. (4.7)
The most direct aligning process is a combination of Hα excitation and Lyman-β decay:
2s→3p→1s. As previously noted, the “source” S2m for this process involves the abundance of
atoms in 2s; the excitation rate to 3p (the Einstein coefficient A3p→2s times the photon phase
space density e−hνHα/kBT ); the branching fraction for 3p decays to 1s, A3p→1s/(A3p→1s +
A3p→2s); and the CMB anisotropy Θ2m. We also expect a factor of hνHα/kBT in the Wien
tail for conversion of the fractional temperature perturbation into a fractional anisotropy
perturbation. The hardest part is the numerical pre-factor, which contains a long chain of
Clebsch-Gordan coefficients, and is computed in Appendix A. Incorporating this into Eq. (4.7)
gives:
d
dt
(x1sP2m) = −(2.97× 10−6 s−1)P2m + 1
16
√
10pi
x2s
A3p→2sA3p→1s
A3p→1s +A3p→2s
Θ2m
hνHα
kBT
e−hνHα/kBT .
(4.8)
Note the small pre-factor 1
16
√
10pi
≈ 0.011 in the source term for polarized atoms, which
arises from “order unity” effects that turn out to be small. We note that there are other
excitation chains that start with anisotropic Hα radiation and end with polarized atoms in 1s
(e.g. 2p→3d→2p→1s; 2s→3p→2s→1s+2γ) but we have considered here only the most direct
chain since there is some de-polarization at each step and we expect even smaller contributions
from longer chains that end in 1s. We also ignore Hβ and higher lines as they are farther into
the Wien tail (hence less abundant) than Hα. We will thus proceed using Eq. (4.8).
Now we only need to obtain x2s to determine the strength of the alignment. The fraction
of hydrogen atoms in the 2s level can be computed using the Peebles model of recombination
[45]:
x2 = 4
αBnHx
2
e + (Λ + Λα)x1e
−~ωLyα/TkB
Λ + Λα + 4β
, (4.9)
where ωLyα is the frequency of the Lyman-α photons, Λ = 8.2 s−1 is the decay rate for the
two-photon decay, xe ' 0.049423 is the ionized fraction at z = 1000 obtained using HyRec,
Λα ≈ 20.2 s−1 is the Lyman-α decay rate with optical depth suppression, αB is the case
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B recombination coefficient, and β is the thermal photoionization rate from excited states.
Then
x2 ≈ 5.209× 10−15. (4.10)
Hence the fraction of hydrogen atoms in the 2s level is x2s ≈ 14x2 = 1.302× 10−15. We thus
rewrite Eq. (4.8) as
d
dt
(x1sP2m) = −(2.97× 10−6 s−1) P2m + (7.29× 10−13 s−1) Θ2m. (4.11)
We furthermore ignore the left hand side since the change with time is small (probably of
order HP2m, where the Hubble rate H ∼ 10−13 s−1), so the alignment tensor is given by
P2m ≈ 2.45× 10−12.
Finally, we follow the steps used in Eq. (3.14) to compute the relative phase shift per
Hubble time generated by the spin-polarized hydrogen atoms at recombination:
dφ
d ln a
=
ω
H
(nxx − nyy)
=
2pi√
3
αc3ωhf
ω2me
nH
ωH
(P2,2 + P2,−2)
= 1.9× 10−13
(
1 + z
1000
)1/2( P2,2 + P2,−2
2.45 × 10−12
)(
100 GHz
νtoday
)
. (4.12)
Note that Eq. (4.12) is not in agreement with the initial order-of-magnitude estimate,
since it turns out that Lyman-α scattering lowers the atomic polarization to a level far below
the CMB anisotropies. Also, the numerical pre-factors in the transition from 2s→3p→1s
significantly lower the expected signal. Converting the above phase shift into circular polar-
ization we obtain V ≈ 5.2×10−19 K. This value is extremely small even in the context of the
other signals studied in this paper. Note that in comparison to the signal from spin polarized
atoms at low z this signal is a factor of 1000 smaller.
5 Photon-photon scattering
In this section photon-photon forward scattering is treated as a possible source of cosmic
birefringence. This is the non-linear behavior of the vacuum that emerges from the creation
and annihilation of virtual electron-positron pairs (see Fig. 6). We expect this process to be
most important shortly after recombination, when the radiation density is high.
5.1 Order of magnitude
We start using order of magnitude and dimensional analysis to obtain a rough estimate for the
birefringence and subsequent phase shift of the vacuum. The difference in indices of refraction
should be proportional to the anisotropic energy density of the CMB Uani. Also, since the
lowest-order photon-photon scattering diagram has 4 vertices and 4 electron propagators,
we expect that it is proportional to α2/m4e. The factors of ~ and c can be inferred from
dimensional analysis:
nx − ny ≈ α
2
mec2
(
~
mec
)3
Uani ∼ 10−35, (5.1)
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Figure 6: Photon-photon scattering, γγ → γγ. The case of interest to us is where the two
ingoing photons and two outgoing photons occupy the same pair of wavenumbers, so that the
diagrams can interfere with free propagation and result in a phase shift.
where we have obtained the anisotropic energy density by multiplying the usual blackbody
energy density evaluated at 1+z = 1000 by a factor of 10−5 (Uani = 4×10−7 J m−3). We have
written this equation with the reduced Compton wavelength λ¯C = ~/(mec) for emphasis.
By means of Eq. (2.3), and for a photon of 1 µm at 1 + z = 1000 with a path length of
100 kpc physical, we find a phase shift of
∆φ ∼ 10−7. (5.2)
5.2 Detailed calculation
To obtain a more accurate estimate, we use the Euler-Heisenberg Lagrangian equations of
motion to construct an expression for the birefringence via the vacuum current. We are
interested in the effect of photon-photon scattering in two beams of radiation with electric
fields EA and EB, and magnetic fields BA and BB, respectively. The focus of attention is
in the effective index of refraction that affects beam A, i.e. the birefringence felt by A in the
presence of B.
The Euler-Heisenberg Lagrangian (see e.g. Ref. [46]) is
LEH = Ae
µ0
[(
E2
c2
−B2
)2
+ 7
(
E ·B
c
)2]
, (5.3)
where Ae ≡ 2α2λ¯3C/(45µ0mec2). The equations of motion, after including the classical EM
Lagrangian, are
ρvac = 0∇ ·E = −0Ae
{
2 ∇ ·
[(
E2
c2
−B2
)
E
]
− 7 [∇ · (E ·B)]B
}
(5.4)
and
Jvac =
1
µ0
∇×B − 0∂E
∂t
= Ae
{
− 2
µ0
∇×
[(
E2
c2
−B2
)
B
]
+ 70∇× [(E ·B)E]
−20 ∂
∂t
[(
E2
c2
−B2
)
E
]
− 70 ∂
∂t
[(E ·B)B]
}
, (5.5)
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where “ρvac” and “Jvac” denote the charge and current densities associated with the polariza-
tion of the vacuum.
We next treat the vacuum polarization as a perturbation; the unperturbed electric field
is then the incident field of the two interacting photon beams A and B:
E = EAe
i(kA·r−ωAt) +EBei(kB ·r−ωBt) + c.c., (5.6)
and similarly for the magnetic field.
One can use the current to obtain the birefringence that affects beam A. The relevant
terms are those with the same spatial and time dependences as beam A, i.e. ∝ ei(kA·r−ωAt).
These will also have dependences on the field amplitudes of the form EAEBE∗B or EABBB
∗
B.
Furthermore, one can split the vacuum current into isotropic and anisotropic contributions:
Ji 3 iei(kA·r−ωAt)
{
−0ωA(χisoe EAi + χani,eij EAj ) +
χisom ijkk
A
j B
A
k + ijkk
A
j χ
ani,m
kl B
A
l
µ0
}
. (5.7)
Expanding the electric and magnetic fields in Eq. (5.5), and keeping only the relevant terms
for birefringence we obtain the expressions for the anisotropic susceptibilities
χani,eij ' −
Ae
c2
[
4
(〈
EBj E
B∗
i
〉
+
〈
EBi E
B∗
j
〉)
+ 7
(〈
BBj B
B∗
i
〉
+
〈
BBi B
B∗
j
〉)]
and
χani,mij ' Ae
[
4
(〈
BBj B
B∗
i
〉
+
〈
BBi B
B∗
j
〉)
+ 7
(〈
EBj E
B∗
i
〉
+
〈
EBi E
B∗
j
〉)]
, (5.8)
where
〈
...
〉
indicates an average over the B beam when we replace the monochromatic plane
waves with realistic stochastic background radiation.
The anisotropic part of the index of refraction is then given by
nxx − nyy = 1
2
(
χani,mxx − χani,myy + χani,exx − χani,eyy
)
= 3Ae
[
1
c2
(〈
EBx E
B∗
x
〉− 〈EBy EB∗y 〉)− (〈BBx BB∗x 〉− 〈BBy BB∗y 〉)] . (5.9)
In contrast to the other circular polarization sources, here we will take into consider-
ation the contribution due to both temperature and polarization, since the contribution of
temperature anisotropies vanishes. Hence〈
XBi X
B∗
j
〉
=
〈
XBi X
B∗
j
〉
Temp
+
〈
XBi X
B∗
j
〉
Pol
, (5.10)
where X ∈ {E,B} (no cross terms). Since the temperature contribution is given by
〈
XBi X
B∗
j
〉
Temp
= CX
∫
S2
dU
dΩ
1
2
(
δij −
kBi k
B
j
k2B
)
d2Ω, (5.11)
with CE = c2µ0/2 and CB = µ0/2, the contribution due to temperature anisotropies to
Eq. (5.9) vanishes because the magnetic and electric terms cancel identically.
However, the polarization contribution does not cancel. In what follows we adopt the
polarization vectors used in Ref. [36]:
± = ∓ 1√
2
(θˆ ± iφˆ). (5.12)
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We expand the electric and magnetic fields using annihilation and creation operators:
EBi (x, t) =
∫
d3k
(2pi)3
∑
α
(√ Uk
2 0
ei(k·x−ωt)aα(k) αi + h.c.
)
and
BBi (x, t) =
∫
d3k
(2pi)3
∑
α
(√ Uk
2 0 c2
ei(k·x−ωt)aα(k) [kˆ × α]i + h.c.
)
, (5.13)
where Uk = ~ck represents the energy of the photon with wavevector k. The annihilation
and creation operators obey the standard commutation relations.9 The photon occupation,
including polarization, is described by a phase-space density matrix fαβ :
〈a†α(k), aβ(k′)〉 = (2pi)3δ(k − k′)fβα(k). (5.14)
This can be decomposed in Stokes parameters; again we follow the normalization in Ref. [36]:
fαβ =
(
fI + fV −fQ − ifU
−fQ + ifU fI − fV
)
. (5.15)
In order to get the polarization contribution, we need the linear polarization terms fQ
and fU of beam B (i.e. the background CMB). In our case, beam A is propagating on the
z-axis. The remaining linear polarization contribution to the birefringence has the form〈
EBx E
B
x
∗〉− 〈EBy EBy ∗〉 ≈ 2fQ(1 + cos2 θ) cos 2φ− 4fU cos θ sin 2φ and〈
BBx B
B
x
∗〉− 〈BBy BBy ∗〉 ≈ −2fQ(1 + cos2 θ) cos 2φ+ 4fU cos θ sin 2φ. (5.16)
Using the previous relations we can finally construct an expression for the anisotropic index
of refraction:
nxx − nyy ' 48Ae
0c2
√
pi
5
∫ √
Uk
2
k2dk
∫
d2kˆ
[
fQ Re
{
2Y22 + 2Y2,−2
}
+ fU Im
{
2Y22 +2 Y2,−2
}]
≈ 96
√
pi
5
Aeµ0aradT
4
CMB Re a
E
22, (5.17)
where sYlm are the spin weighted spherical harmonics, aE2m are the local quadrupole moments
(` = 2) of the E-mode polarization, and we have used the simplification that aE22 = aE∗2,−2.
The rate of change of relative phase per Hubble time due to photon-photon scattering is given
by
dφ
d ln a
=
ω
H
(nxx − nyy)
=
128pi
15
√
pi
5
α2λ¯3C
mec2
νaradT
4
CMB
H
Re aE22
= 8.7× 10−8
( νtoday
100 GHz
)(1 + z
1000
)7/2 Re aE22
10−6
, (5.18)
where we have estimated the contribution due to the local quadrupole of the polarization
with the expected CMB polarization at recombination, i.e of order 10−6, and substituted in
Ae.
9We normalize these so that [aα(k), a†β(k
′)] = (2pi)3δ(k− k′)δαβ and [aα(k), aβ(k′)] = [a†α(k), a†β(k′)] = 0.
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Note that Eq. (5.18) is consistent with Eq. (5.2). However, Eq. (5.18) is due to the local
polarization anisotropies in contrast to the birefringence sourced by temperature anisotropies
used in the order of magnitude section. The reason is that the temperature anisotropy
contribution to the birefringence vanishes, which could not have been guessed from order-of-
magnitude arguments; instead only the local polarization anisotropies generate birefringence.
Further, note that the more detailed computation includes the dependence in the specific spin
weighted spherical harmonic that causes the birefringence.
The signal from photon-photon scattering is the strongest source of circular polarization
in the CMB studied in this work (although it is small), hence there is value in asking what
will happen to our signal if we do the full integral over the line of sight and the Fourier
modes contributing to both the initial linear polarization and the birefringence, and including
geometrical suppression factors. This is particularly important since – as discussed in §5.3 –
some previous results have been too optimistic because of order-unity factors.
As mentioned before, this section deviates from the cosmology used in the rest of the
paper because it relies on extensive computations performed in an older cosmological model.
Here we used the 2013F(CY) cosmology from Ref. [2], namely Ωbh2 = 0.02230, Ωcdmh2 =
0.1188, H0 = 67.8, Ωm = 0.308. The difference in cosmology should have a tiny effect since
these parameters differ by < 3% from those used in the rest of this paper.
In order to analyze the evolution of this signal we use our result for the birefringence
of photon-photon scattering Eq. (5.17) in Eq. (2.4) as we did in the previous line of sight
computation for the birefringence from spin polarized hydrogen atoms from the Cosmic Dawn
(§§3). Our objective is the same – to compute Vrms – but here we focus first on computing the
power spectrum of the circular polarization since now both the source of linear polarization
and the birefringence are coming from z ∼ 1000 and hence are strongly correlated (so Vrms
cannot be obtained by pointwise multiplication of two independent fields). We start by writing
the CMB polarization as P = Q+ i U , and by approximating nQ U −nU Q ' Re aE2,−2 ImP −
Im aE2,−2 ReP . (We have used rotational symmetry to infer that nU should be derived from
nQ by replacing cos 2φB with sin 2φB, i.e. by replacing Re aE2,−2 with Im aE2,−2.) Then we
can obtain the new circular polarization of the CMB at a comoving distance s′ from the last
scattering surface as
V ' A
∫ s′
0
ds (1 + z)4 Im
{
aE2,−2
∗
P
}
, (5.19)
where aE2m and P are evaluated at position s along the line of sight, and we extract all
non-integrating parameters to define
A ≡ 96
√
pi
5
Aeµ0aradT
4
0 c
−1ω0 = 1.11× 10−38
( ν0
100 GHz
)
m−1. (5.20)
We write both the polarization and the local quadrupole moments in Fourier space.
In what follows we use the distant observer approximation (kr  1) and assume that the
surface of last scattering is narrow. Under these conditions we can rewrite both the quadrupole
moments and the polarization, which are spin-2 quantities, by rotating them with the help of
spherical harmonics. Then, for the local quadrupole moment in Eq. (5.19) we have
aE∗2,−2(k1) = D
2∗
−2,0(φk1 , θk1 , 0)a¯
E∗
20 (k1) =
√
4pi
5
Y ∗22(kˆ1)a¯
E∗
20 (k1). (5.21)
Here un-barred quantities are represented in the line-of-sight frame (with the z-direction
toward the observer), and barred quantities are the wave vector frame (kˆ1 in the z¯-direction
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and the direction to the observer in the x¯z¯-plane, with x¯ < 0), and D`m′,m(α, β, γ) is the usual
Wigner rotation matrix [47].10 We have used the fact that we have scalar perturbations, so
of the a¯E2m, only m = 0 is non-zero, hence we do not need a summation over m in Eq. (5.21).
Note that the k1 mode is responsible for birefringence.
We now need the CMB linear polarization for light propagating in the direction eˆz (i.e.
toward the observer) from the last scattering surface. Assuming the last scattering surface
was narrow, this will be dominated by the quadrupole (` = 2) just after last scattering. We
then write:
P (k2, eˆz) = −
2∑
m=−2
aE2m(k2) 2Y2m(eˆz) = −
√
5
4pi
aE2,−2(k2)
= −
√
5
4pi
D2−2,0(φk2 , θk2 , 0)a¯
E
20(k2) = −Y22(kˆ2)a¯E20(k2) , (5.22)
where barred frame is now the wave frame for k2, and we have collapsed the sum using the
fact that only the m = −2 spin-weighted spherical harmonic is non-zero and it evaluates to√
5/4pi. Note that for Eq. (5.22) to hold the assumption of narrow surface of last scattering
is vital. Now it is clear what are the additional difficulties regarding this particular line of
sight evolution with respect to the previous line of sight computation from §3.2. Here we have
the CMB quadrupole moments entering from two different avenues: directly from the polar-
ization, and from the birefringence. Furthermore, we switch the local quadrupole moments
for appropriate polarization transfer functions11 and primordial curvature perturbations by
using a¯E20(c η, k) = TE20(c η, k)ζ(k). Then, Eq. (5.19) becomes
V (r⊥) = −A¯ Im
{ ∫ d3k1
(2pi)3
∫
d3k2
(2pi)3
∫
ds (1 + z)4 TE20(c ηLSS + s, k1)T
E
20(c ηLSS, k2)
Y22(kˆ2)Y
∗
22(kˆ1)ζ
∗(k1)ζ(k2) exp
{
i(k2⊥ − k1⊥) · r⊥ − ik1‖s
}}
, (5.23)
where we have defined A¯ =
√
4pi
5 A. Moreover, the complex exponentials come from the
Fourier transformations of both the polarization and the quadrupole moment. Since the k2 is
the mode from the polarization, it should be in the xy-plane (surface of last scattering) where
the line of sight is in the z-direction. Consequently, the exponential only has a contribution
from k2⊥ · r⊥. On the other hand, the exponential of k1 has a radial term because it cares
about the propagation in the medium, i.e. it depends on the distance from the surface of last
scattering to the intersection between the wavefront and the line of sight.
The 2D power spectrum of the circular polarization as seen by a distant observer is
(2pi)2δ(k⊥ − k′⊥)PV (k⊥) = 〈V˜ ∗(k⊥)V˜ (k′⊥)〉
=
∫
d2r⊥
∫
d2r′⊥〈V ∗(r⊥)V (r′⊥)〉 exp
{
ik⊥ · r⊥ − ik′⊥ · r′⊥
}
= I1 + I2 + I3 + I4, (5.24)
10The Wigner D-matrix applies to active rotation by the three Euler angles in the order γ around z, β
around y, and α around z. In this application, we start with a wave vector k1 pointed toward the observer;
the wave vector and the associated barred basis vectors are then rotated by φk1 and then θk1 . Due to our
choice of the x¯-axis, no further rotation is necessary.
11We follow the convention of CLASS for the transfer functions, e.g. TE` = − 54√6 (G(0)+G(2)), see Eq. (B.11)
and related expressions in Ref. [48] or even [49] for more information.
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where we have expanded the imaginary part as ImX = (X −X∗)/(2i), and used Eq. (5.23)
to write V (r⊥) in terms of an integral over k1 and k2, and V (r′⊥) in terms of an integral
over k′1 and k
′
2. We then separated the terms in the following way: I1 contains the con-
tribution from 〈ζ(k1)ζ∗(k2)ζ∗(k′1)ζ(k′2)〉, I2 contains 〈ζ(k1)ζ∗(k2)ζ(k′1)ζ∗(k′2)〉, I3 contains
〈ζ∗(k1)ζ(k2)ζ∗(k′1)ζ(k′2)〉 and I4 contains 〈ζ∗(k1)ζ(k2)ζ(k′1)ζ∗(k′2)〉. We explicitly show the
form of these integrals in Appendix B.
We use Wick’s theorem to rewrite the 4-point functions into the relevant products of two
point functions for our line of sight calculation. Generally the 4-point functions simplify to
(4− 1)!! = 3 terms, however translation invariance guarantees that one of these will be zero
for k⊥ 6= 0. Therefore, every I integral becomes two integrals, which for the sake of clarity
we will refer to as J integrals. To illustrate we show steps of the procedure for I1:
〈ζ(k1)ζ∗(k2)ζ∗(k′1)ζ(k′2)〉 = 〈ζ(k1)ζ∗(k′1)〉〈ζ∗(k2)ζ(k′2)〉+ 〈ζ(k1)ζ(k′2)〉〈ζ∗(k2)ζ∗(k′2)〉
= (2pi)6Pζ(k1)Pζ(k2)
[
δ3(k1 − k′1)δ3(k2 − k′2) + δ3(k1 + k′2)δ3(k2 + k′1)
]
. (5.25)
Then the I1 integral becomes
I1 =
A¯2
4
∫
d2k1,⊥
∫
dk1,‖
2pi
∫
dk2,‖
2pi
∫
ds
∫
ds′(1 + z)4(1 + z′)4Pζ(k1)Pζ(k2)δ2(k⊥ − k′⊥)×{
TE20(c ηLSS, k1)T
E
20(c ηLSS + s
′)Y ∗22(kˆ2)Y22(kˆ1)Y22(kˆ2)Y
∗
22(kˆ1)[T
E
20(c ηLSS, k2)]
2eik1,‖(s−s
′)
+TE20(c ηLSS + s, k1)T
E
20(c ηLSS + s
′, k2)TE20(c ηLSS, k1)T
E
20(c ηLSS, k2)e
ik1,‖se−ik2,‖s
′ ×
[Y ∗22(kˆ2)]
2[Y22(kˆ1)]
2
}
= J1 + J2. (5.26)
Note that we have already integrated over the k2,⊥ with the 2-D delta functions coming
directly from the exponential factors in Eq. (5.24). For the case of I1 this means that k2,⊥ =
k1,⊥ + k⊥. Moreover, we can separate the integrals in Eq. (5.26) with respect to s and s′
since they are decoupled, e.g. J1 becomes
J1 = (2pi)
2 A¯
2
4
δ2(k⊥ − k′⊥)
∫
d2k1,⊥
(2pi)2
∫
dk1,‖
2pi
∫
dk2,‖
2pi
|F (k1, k1,‖)|2 [TE20(c ηLSS, k2)]2
×Y ∗22(kˆ2)Y22(kˆ1)Y22(kˆ2)Y ∗22(kˆ1)Pζ(k1)Pζ(k2), (5.27)
where we define F (kmagnitude, kparallel) as
F (k1, k1,‖) =
∫ ηz∼100
ηLSS
c dη TE20(η, k1) e
ik1,‖c(η−ηLSS)
(
4Ωm
H20 Ω
2
mη
2 − 4Ωr
)4
, (5.28)
with Ωm being the density of matter in the Universe, Ωr the radiation density, and H0 the
Hubble constant. The full list of integrals J1...J8 is provided in Appendix B, Eqs. (B.7–
B.14). Note that in the J1...J4 integrals, k2,⊥ = k1,⊥ + k⊥, but in the J5...J8 integrals,
k2,⊥ = k1,⊥ − k⊥.
As a computational strategy, we focus first in the F functions because we already had
separated them from the remaining 4D integral; by pre-computing and tabulating them the
4D integral can be computed much faster. In order to tackle the object in Eq. (5.28) one
needs to tabulate and interpolate the appropriate polarization transfer function in terms of
conformal time and wavenumber. We obtain our table for the interpolation of the transfer
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function running CLASS [48] for k values ranging from 0.0001 to 1 Mpc−1 with a sampling
of ∆k = 0.0005 Mpc−1. Further, we interpolate with the help of the 2D cubic interpolation
function from the GNU Scientific Library [50] .
Once the F functions have been obtained one can focus in the remaining 4D integrals.
We restrict all the involved wavenumbers12 to span from 0.0005 to 0.3 Mpc−1. The choice
of the upper limit is justified by CMB observations, in the sense that we want to guarantee
that the peak of the CMB linear polarization (` ∼ 103) is included. The comoving angular
diameter distance at surface of last scattering is D = 1.4 × 104 Mpc, thus the maximum
wavenumber is related to the maximum multipole by `max = kmaxD. Our choice of kmax = 0.3
Mpc−1 corresponds to `max = 4200, well into the CMB damping tail. We use Cartesian
coordinates for simplicity and for the symmetries of the problem to be replicated by the
numerical discretization. We take a sampling of ∆k1x = ∆k1y = 0.0005 Mpc−1 with an offset
from zero of 0.00025 Mpc−1 in order to avoid sampling the points k1,⊥ = 0 or k2,⊥ = 0.13 We
only integrate in the upper (k1x, k1y)-plane because most integrands are even in k1y, except
for the terms that are odd and hence vanish. Of course then one needs to rewrite the spherical
harmonics in terms of k1x, k1y, k1,‖ and k2,‖. Moreover, the variance is a function of only
the magnitude of k⊥, because the Universe is homogeneous and isotropic. Therefore, we can
choose k⊥ = k⊥xˆ without losing generality, and k2,⊥ = k1,⊥ ± k⊥xˆ.
There is still one significant simplification. By changing variables knew1 = k2 and k
new
2 =
k1 for J5, J6, J7 and J8, we can analytically cancel the imaginary parts and reduce the number
of integrals. Nevertheless, instead of assuming the analytical cancellation we decided to use
the imaginary component as a null test, which provides a simple confirmation that our code
produces sensible results.
The power spectrum of the circular polarization is related to the RMS of the circular
polarization signal by
V 2RMS =
∫
d2k⊥
(2pi)2
PV (k⊥). (5.29)
Nevertheless, this power spectrum has never been studied before, so we decided to sample a
few different k⊥ with the objective of learning the behavior of this function both at low and
high k, see Fig. 7. We do not observe acoustic oscillations. However, we do note that the
power spectrum has some expected features. At small k, we have PV (k⊥) ∝ k2⊥. This occurs
because we have a convolution integral –which is usually analytic as k → 0 – and in this
case the circular polarization at k⊥ = 0 must be zero since then the observer line of sight,
k1, and k2 are co-planar, and reflection symmetry prevents circular polarization from being
generated. On the other hand, at large k⊥ where we enter the CMB damping tail region, the
power spectrum falls off.
Finally, integrating the power spectrum and taking the square root we get
VRMS ' 1.3× 10−14 K. (5.30)
Note that this value is smaller than the estimate from the detailed calculation without the line
of sight suppression based on Eq. (5.18), namely VRMS ∼ 1.4×10−13 K. The difference of one
order of magnitude between both methods is reasonable, especially when taking into account
that in Eq. (5.18) we have ignored the radiation contribution to the Hubble parameter.
12i.e. k1,⊥, k1,‖, and k2,‖.
13The integrals are well-behaved as analytic functions at these points, e.g. Y22(kˆ1) goes to zero at k1,⊥ = 0,
however the polar coordinates are ill-defined and the if statements needed to handle this case would slow
down the computation.
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Figure 7: Circular polarization power spectrum from photon-photon scattering.
5.3 Comparison with previous calculations
As highlighted before our results are in apparent contradiction with Ref. [31]. Their Eq. (32)
reports an upper limit for the phase shift of 10−13, six orders of magnitude less than our order
of magnitude estimate. However, numerical evaluation of their expression (with factors of ~
and c inserted) gives
∆φFC ' pi
6α2
120ζ(3)
(
kBT0
mec2
)4 kBT0
~
CQ
∫ 1000
0
(1 + z)5
H(z)
dz ≈ 1CQ ∼ 10−6, (5.31)
where CQ is the ratio of linear polarization intensity to the total intensity, and we evaluated
the expression with the same parameters as Ref. [31]: Ωm = 0.3, ΩΛ = 0.7 and H0 =
75 km s−1 Mpc−1. Equation (5.18) is consistent with this upper limit.
Our calculation also gives a smaller result than Ref. [34]. In our notation, their Eq. (12)
for circular polarization generation in beam A by a background beam B reads:
f˙V (kA) =
8α2~4
45m4ec
5ωA
fU (k)
∫
d3kB
(2pi)3 2ωB
(ωAωB)
2f2(kˆB, kˆA)fI(kB), (5.32)
where f2 is a term with trigonometric factors. However, if this equation is to be Lorentz
invariant, then so long as kˆA 6= kˆB, one can boost to a frame where kˆA = eˆ3 and kˆB = −eˆ3.
In this frame, we must have f2 = 0, since the right-hand side is of spin 2 when rotating around
the z-axis, but the left-hand side is of spin 0. Therefore on the right-hand side one should
have the polarization rather than the intensity of the background beam B, which is weaker
by a factor of 10−6. Thus the V ∼ 10−2 µK found in Ref. [34] should be reduced to 10−8 µK,
in line with the order of magnitude of our estimate.
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Our result is also in conflict with the result from Ref. [32]. They report a circular
polarization of V ∼ 10−9 ∼ 3 × 10−9 K, which is smaller than our Vrms ∼ 1.3 × 10−14 K,
i.e. a difference of + 4.89 dex. We track down the differences to several different contributing
factors. First, we use a reference frequency of 100 GHz while the thermal average frequency
for the CMB photons is ∼ 154 GHz. This results in a difference of + 0.19 dex. We also
found some suppression from doing the full line-of-sight integral as opposed to an order of
magnitude calculation using the Hubble length; this gives a difference of + 0.9 dex because
Ref. [32] did an order of magnitude calculation. Also, in our order-of-magnitude estimate we
use a linear polarization14 of P ∼ 10−6 ∼ 2.73 µK while Sawyer used P > 54.6 µK, based
on the argument that one would select the highest-polarization region; this explains + 1.3
dex. In contrast to Sawyer’s phase shift of 1.1 × 10−6 we found ∆φ ∼ 10−7. Part of this
difference comes from their Eq. (22), which we numerically evaluate as 2.7 × 10−11 instead
of 4 × 10−10; this explains a + 0.58 dex difference. (Note that there remains a + 0.46 dex
difference in the phase shifts, which are likely due to factors of order unity on both sides.) In
addition, there is a factor of + 1.6 dex coming from how Ref. [32] treated the relation between
the standard deviation and the circular polarization, in particular in the jump from their
Eq. (24) to V ∼ 10−9. In conclusion, we believe the underlying physics in the calculation
of Ref. [32] is the same as in our calculation, and we can identify the main causes of the
difference between both results. The detailed calculation leading to Eq. (5.30) is the most
rigorous implementation yet of this physics.
6 Static non-linear polarizability of hydrogen
In the previous section we considered the polarization of the vacuum. However, the post-
recombination Universe was filled with a dilute gas of atoms, which also lead to photon-photon
scattering due to their non-linear polarizability. Generally atoms are far more non-linear than
the QED vacuum at CMB frequencies, but their filling fraction is tiny. Therefore it is not
clear whether their contribution to photon-photon scattering is more or less important.
In this section, we consider the birefringence produced by the static non-linear polar-
izability of hydrogen given an anisotropic ambient medium. This process is most important
shortly after the last scattering epoch, when the CMB has had time to free-stream and hence
is anisotropic, but when the radiation density is still high. We will focus on the effect of the
second order hyper-polarizability, which is the lowest-order effect that gives a diagram with
two photons entering and two photons leaving. The two final-state photons occupy the same
quantum states as the initial-state photons. We further focus on hydrogen, which is both
more abundant than helium and has lower excitation energies.
6.1 Order of magnitude
We start with an order of magnitude estimate of both the birefringence and the phase shift
using dimensional analysis. The difference in indices of refraction must be proportional to
the number density of hydrogen atoms nH, the second order hyper-polarizability15 γ and the
anisotropic energy density of the electric field of the CMB, UEani. The electrostatic constant
14The real RMS CMB linear polarization is approximately 4.47 µK.
15This is a coefficient in the Taylor expansion of the dipole moment of the hydrogen atom: p = αdE +
1
6
γE2E + ... .
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0 may also appear. Thus, the order of magnitude of the birefringence is
nx − ny ≈ γnHU
E
ani
20
≈ 10−37, (6.1)
where we have substituted at z = 1000 that nH ≈ 2 × 108 m−3, and UEani = 4 × 10−7 J m−3
(i.e. the energy density of a blackbody at 2725 K, multiplied by 10−5 to take the anisotropic
part). The hyper-polarizability γ of a hydrogen atom should in principle be of order 1 in
Bohr units, or 6.2 × 10−65 J m4 V−4.16 In fact, in atomic units, we have γ = 1333.125
[51] or 8.3 × 10−62 J m4 V−4. Using Eq. (2.3), and for a photon with wavelength ∼ 1 mm
today (1 µm at z = 1000), and a path length of order 100 kpc physical (the horizon size at
recombination), we find
∆φ ≈ 10−9. (6.2)
6.2 Detailed computation
Next, we do a more accurate order of magnitude estimate of the birefringence produced by the
non-linear polarizability of hydrogen. We place a hydrogen atom in two beams of radiation,
A and B, with electric fields EA and EB respectively. Our interest is in the effective index
of refraction that applies to beam A.
One can start with the energy of the hydrogen atom, which can be expanded in even
powers of the applied electric field:
U = U0 − 1
2
αdE
2 − 1
24
γE4 + ... ; (6.3)
then the electric dipole moment is
p = −∇EU = αdE + 1
6
γE2E + ..., (6.4)
where in this case the applied electric field is
E = EAe
−iωAt +EBe−iωBt + c.c. . (6.5)
The first term gives rise to the ordinary linear index of refraction, but no birefringence. For
birefringence the important term is the second one in Eq. (6.4), particularly the terms that
have an e−iωAt time dependence but also contain EB. These terms are
pi 3 1
3
γ
(〈
EBj E
B∗
j
〉
EAi +
〈
EBj E
B∗
i
〉
EAj +
〈
EBi E
B∗
j
〉
EAj
)
e−iωAt. (6.6)
Here
〈
...
〉
will indicate an average over the beams B when we replace the single monochromatic
plane waves B with a stochastic radiation background. This implies an effective nonlinear
contribution to the polarizability tensor
αANL,ij =
∂pi|NL,e−iωAt
∂EAj
=
1
3
γ
(〈
EBk E
B∗
k
〉
δij +
〈
EBj E
B∗
i
〉
+
〈
EBi E
B∗
j
〉)
. (6.7)
16The Bohr unit of electric field is 1 Hartree per elementary charge per Bohr radius, or Eat = 5.1× 1011 V
m−1. The Bohr unit of energy is the Hartree, or Uat = 4.4× 10−18 J. Therefore the Bohr unit of second-order
hyper-polarizability is Uat/E4at = 6.2× 10−65 J m4 V−4.
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The anisotropic part of the index of refraction is
nxx − nyy = nHI
20
(αANL,xx − αANL,yy) =
γnHI
30
(〈
EBx E
B∗
x
〉− 〈EBy EB∗y 〉), (6.8)
where nHI is the density of neutral hydrogen atoms.
In the presence of a background radiation field, we need to compute the expectation
values
〈
EBx E
B∗
x
〉
. For any single beam of radiation, the mean square electric field is
〈|EB|2〉 =
U/(20).17 For unpolarized radiation traveling in direction Ω, the fraction of the mean square
electric field that is in the x-component is 12(1− Ω2x). Therefore, we have〈
EBx E
B∗
x
〉
=
∫
S2
1
20
dU
dΩ
1
2
(1− Ω2x) d2Ω, (6.9)
where dU/dΩ is the energy density in ambient electromagnetic waves per unit solid angle (i.e.
in J m−3 sr−1), and similarly for the y-direction. Then Eq. (6.8) reduces to
nxx − nyy = −γnHI
1220
∫
S2
dU
dΩ
(Ω2x − Ω2y) d2Ω
= −γnHI
1220
√
32pi
15
Re
∫
S2
dU
dΩ
Y22(Ω) d
2Ω
= −
√
32pi
135
γnHI
20
aradT
4
CMB Re a22, (6.10)
where arad is the radiation energy density constant, a22 is the local quadrupole moment of
the CMB, and there is a factor of 4 in the last step coming from converting temperature
anisotropies to energy density anisotropies.
The rate of change of relative phase per Hubble time is related to the rate of change per
unit comoving distance (Eq. 2.3):
dφ
d ln a
=
c
aH
dφ
dχ
=
ω
H
(nxx − nyy)
= −
√
32pi
135
(1 + z)ωtoday
H
γnHI
20
aradT
4
CMB Re a22
= −1.2× 10−9
( νtoday
100 GHz
)(1 + z
1000
)13/2
xHI
(
Re a22
10−5
)
, (6.11)
where we used the standard baryon abundance and denote by xHI the fraction of the hydrogen
that is neutral.
This is in agreement with the order-of-magnitude calculation, but includes the depen-
dence on the specific spherical harmonic components of the radiation that causes the bire-
fringence. The peak of the birefringence effect occurs at recombination, due to the power-law
suppression at lower z and the suppression of the neutral fraction and the CMB anisotropy
at higher z. In any case, the peak effect is only at the ∼ 10−9 level. In terms of circular
polarization Eq. (6.11) converts into V ≈ 1.0× 10−15 K.
17Since electric field energy density is 1
2
0E
2, we would at first write down 2U/0. However there are
two more factors of two in the denominator: one from the fact that only half of the energy density in an
electromagnetic wave is in the electric field, and one from our convention in Eq. (6.5) that “EB” is only the
positive-frequency part of the wave.
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7 Plasma delay: non-linear response of free electrons
Plasma delay is another non-linear polarization process, this time using the free electrons
instead of the virtual pairs in the vacuum (§5) or the hydrogen atoms (§6). It relies on the
fact that recombination is not complete: there are still some free electrons xe > 0. These
electrons are much less abundant than hydrogen atoms, however their excitation energy is
zero so for CMB photon energies much less than the excitation energy of hydrogen we expect
that electrons can be much more efficient at producing phase shifts than an equal number of
hydrogen atoms.
Plasma delay can be described by two beams of light one of frequency ωA, and the
perturbing beam with frequency ωB both incident on a free electron. Plasma delay produces
birefringence in the presence of an anisotropic radiation field. This effect should be stronger
around recombination since the CMB is already anisotropic, there is still a significant fraction
of ionized hydrogen, and the radiation density is still high. Note that this effect also has two
incoming photons and two outgoing photons. Again, the interest is in the effective index of
refraction that affects beam A.
7.1 Order of magnitude
As usual we start by doing the order of magnitude for the birefringence produced by the effect
in consideration. In order to compute this, note that by dimensional analysis we expect factors
of e2/0, and combinations of factors of c, mass of the electron me and frequencies of both
the perturbing beam ωB and the original beam ωA. Moreover, nx − ny must be proportional
to the number density of electrons ne and the anisotropic energy density of the perturbing
beam (here the CMB). Birefringence should be generated by the third order susceptibility (in
the sense that the responsible term in the current contains three factors of electric field), so
we expect a factor of (e2/0)2 instead of e2/0, and three factors of the mass of the electron.
This leads to
nx − ny ≈ e
4UEanine
20m
3
eω
4c2
≈ 10−40, (7.1)
where ne = xenH = 9.9 cm−3 at 1 + z = 1000, and we approximate ω ∼ 1015 rad s−1, and
UEani = 4 × 10−7 J m−3. Note that from dimensional analysis alone one could only say that
the denominator must have a factor of frequency to the fourth power; when we derive the
equations of motion we will learn what combinations of ωA and ωB actually appear. We will
find that the correct expression contains (ωB − ωA)2 in the denominator, and deal with the
apparent divergence in §7.2.
Next, we use Eq. (2.3) for a photon with λ ∼ 1 µm at 1 + z = 1000, and with the usual
path length of 100 kpc (physical) relevant for the recombination epoch, we get
∆φ ≈ 10−11. (7.2)
7.2 Rigorous calculation
In this subsection we will provide a more rigorous calculation of the CMB circular polarization
produced by free electrons. Along the way, we will find and regularize a singularity when
ωB = ωA. Again, we are interested in the effective index of refraction felt by EA.
We start with the equations of motion for the electrons with incoming electric field
E = EAei(kA·r−ωAt) +EBei(kB ·r−ωBt) + c.c. (7.3)
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and magnetic field
B = BAei(kA·r−ωAt) +BBei(kB ·r−ωBt) + c.c. , (7.4)
with BA = kˆA ×EA/c, etc. We take ωB = ωRB + i with  → 0+, so that beam B had zero
amplitude in the distant past. The displacement of the electrons obeys
ξ¨i = − e
me
(
Ei + ξjEi,j +
1
2
ξjξkEi,jk + ijkξ˙jBk + ijkξ˙jξ`Bk,`
)
. (7.5)
The solution of this equation of motion can be expanded as
ξi = ξ
(1)
i + ξ
(2)
i + ξ
(3)
i + ... , (7.6)
where ξ(n)i denotes terms containing n powers of the electric or magnetic fields.
We can use the solution for the displacement to obtain the current density and hence the
susceptibility. The part of the current density we want is that with a ei(kA·r−ωAt) dependence,
and containing two powers of EB or BB. This piece can be written in Fourier space as:
J˜i(kA) =
∫
d3r e−ikA·rJi(r) =
∫
d3x e−ikA·xneeξ˙ie−ikA·ξ, (7.7)
where we have used r to denote the Eulerian position of the electrons and x to denote
their Lagrangian position. In the last integral in Eq. (7.7), ne thus denotes the unperturbed
(Lagrangian) electron number density. We define
JLi (x) = neeξ˙ie
−ikA·ξ, (7.8)
so that J˜i(kA) is the Fourier transform of JLi in Lagrangian space: J˜i(kA) =
∫
d3x e−ikA·xJLi (x).
Conceptually, we can understand the exponential factor in Eq. (7.8) as being associated with
the retarded time for a “downstream” observer measuring beam A.
Since the problem is translation-invariant, we may evaluate JLi at the origin x = 0
without any loss of generality. Taking the previous result we can break the current into terms
that act as isotropic and anisotropic electric and magnetic susceptibilities; the third order
terms (superscript (3)) are:
J
L(3)
i = ene[e
−ikA·ξξ˙i](3) = ene
(
ξ˙
(3)
i − ikAj ξ(1)j ξ˙(2)i −
1
2
kAj k
A
k ξ
(1)
j ξ
(1)
k ξ˙
(1)
i − ikAj ξ(2)j ξ˙(1)i
)
= 0χ
iso
e E˙i + 0χ
ani,e
ij E˙j +
1
µ0
χisom ijkB
A
k,j +
1
µ0
ijkχ
ani,m
k` B
A
`,j . (7.9)
The first order solution of Eq. (7.5) is simply
ξ
(1)
i =
e
me
[
EAi
ω2A
ei(kA·r−ωAt) +
EBi
ω2B
ei(kB ·r−ωBt) +
EAi
∗
ω2A
e−i(kA·r−ωAt) +
EBi
∗
ω∗B
2 e
−i(kB ·r−ω∗Bt)
]
,
(7.10)
where kB ' kRB. The absence of magnetic fields is due to the electron being static at this
order. The terms in the Lagrangian current density, that are relevant for the birefringence
studied here, have two electric or magnetic fields from the perturbing beam (no mixed ones)
and either a electric or magnetic field from the unperturbed beam. Additionally, these terms
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must contain e−iωAt. Likewise, the relevant terms for birefringence of the third order term
are given by
ξ
(3)
i 3 −
e3
m3eω
2
A
[
−E
B
i
∗
EAj E
B
k k
B
j k
A
k
ω2B(ωA + ωB)
2
+
EBi E
A
j E
B
k
∗
kBj k
A
k
ω∗B
2(ω∗B − ωA)2
+
EAk B
B
k B
B
i
∗
ωA(ωA − ω∗B)
+
EAk B
B
i B
B
k
∗
ωA(ωA + ωB)
+ ijk
(
kA` E
B
` E
B
j
∗
BAk
ω2Bω
∗
B
− k
A
` E
B
j E
B
`
∗
BAk
ω∗B
2ωB
)
+ jlk
(
EBi E
B
l
∗
BAk k
B
j
ω∗B(ωA − ωB)2
+
EBi
∗
EBl B
A
k k
B
j
ωB(ωA + ωB)2
)]
ei(kA·r−ωAt). (7.11)
Therefore, the anisotropic electric susceptibility coming from third-order terms, keeping only
those with the correct spatial and time dependence to interfere with the original beam A, are
given by
χani,eij '
nee
4
0m3eω
2
A
{
kBj k
A
k
〈
EBi E
B
k
∗〉 [ 1
ωAω∗B
2(ωA + ωB)
− 1
ω∗B
2(ω∗B − ωA)2
− 1
ωAωB(ω∗B − ωA)2
+
1
ω2B(ωA + ωB)
2
− 1
ωAω∗B(ωA + ωB)2
− 1
ωAω2B(ωA − ω∗B)
]
−
〈
BBi B
B
j
∗〉
ωA
[
1
ωA(ωA − ω∗B)
+
1
ωA(ωA + ωB)
]}
, (7.12)
where
〈
...
〉
implies an average over the beam B, whose amplitude is stochastic since the CMB
radiation is thermal. Therefore we need to integrate the susceptibility contributions both
over direction of propagation and over frequency. We first perform the angular integration,
keeping only the temperature perturbations and neglecting the smaller polarization signal:
〈
EBi E
B∗
k
〉
=
1
20
∫
S2
dU
dΩ
1
2
(
δik − k
B
i k
B
k
k2B
)
d2Ω. (7.13)
A similar relation holds for the magnetic fields with the replacement 1/0 → µ0. Choos-
ing kA = (0, 0, kA), and still working in the monochromatic case, the anisotropic electric
susceptibility is given by
χani,exx − χani,eyy =
nee
4
0m3e
{
−kAkB
0ω2A
√
2pi
105
∫
S2
dU
dΩ
ReY32(Ω)
[
1
ωAω∗B
2(ωA + ωB)
− 1
ω∗B
2(ωA − ω∗B)2
− 1
ωBωA(ωA − ω∗B)2
+
1
ω2B(ωA + ωB)
2
− 1
ωAω∗B(ωA + ωB)2
− 1
ω2BωA(ωA − ω∗B)
]
d2Ω
+µ0
√
2pi
15
∫
S2
dU
dΩ
ReY22(Ω)
[
1
ω3(ωA + ωB)
+
1
ω3A(ωA − ω∗B)
]
d2Ω
}
. (7.14)
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In an analogous way, we obtain the anisotropic magnetic susceptibility
χani,mxx − χani,myy =
nee
4
20m
3
ec
2
{√
2pi
15
∫
S2
dU
dΩ
ReY22(Ω)
×
[
1
ω∗BωB(ωA + ωB)2
+
1
ωBω∗B(ωA − ω∗B)2
]
d2Ω
+
√
2pi
105
kB
kA
∫
S2
dU
dΩ
ReY32(Ω)
×
[
2
ωAωB(ωA + ωB)2
+
2
ωAω∗B(ωA − ω∗B)2
]}
(7.15)
Combining both contributions we obtain the anisotropic index of refraction in the
monochromatic scenario
nxx − nyy = nee
4
20m
3
ec
2
{
−
√
2pi
105
∫
S2
dU
dΩ
ωB
ωA
ReY32(Ω)W (ωA, ωB, ω
∗
B) d
2Ω
+
√
2pi
15
∫
S2
dU
dΩ
ReY22(Ω)WB(ωA, ωB, ω
∗
B) d
2Ω
}
, (7.16)
where we define two frequency window functions W and WB:
W (ωA, ωB, ω
∗
B) ≡
1
ωAω2B(ωA + ωB)
− 1
ω∗B
2(ω∗B − ωA)2
− 1
ωAωB(ω∗B − ωA)2
+
1
ω2B(ωA + ωB)
2
− 1
ωAω∗B(ωA + ωB)2
− 1
ωAω2B(ωA − ω∗B)
− 2
ωAωB(ωA + ωB)2
− 2
ωAω∗B(ωA − ω∗B)2
, (7.17)
and
WB(ωA, ωB, ω
∗
B) ≡
1
ω3A(ωA + ωB)
+
1
ω3A(ωA − ω∗B)
+
1
ω∗BωB(ωA + ωB)2
+
1
ωBω∗B(ωA − ω∗B)2
. (7.18)
Now we consider the full distribution of frequencies instead of treating B as a monochromatic
wave; this leads to
nxx − nyy = nHxee
4
20m
3
ec
2
[
−
√
2pi
105
(Re a32) IT(ωA) +
√
2pi
15
(Re a22) I
B
T (ωA)
]
, (7.19)
where a32 is the local octopole moment of the CMB, a22 is the local quadrupole moment, xe
is the ionization fraction, and we have defined the frequency integrals
IT(ωA) =
∫ ∞
0
ωRB
ωA
W (ωA, ωB, ω
∗
B)T
d
dT
[
~ωR 3B
4pi3c3(e~ω
R
B/kBT − 1)
]
dωRB (7.20)
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and
IBT (ωA) =
∫ ∞
0
WB(ωA, ωB, ω
∗
B)T
d
dT
[
~ωR 3B
4pi3c3(e~ω
R
B/kBT − 1)
]
dωRB. (7.21)
In Eqs. (7.20, 7.21), the quantity in square brackets is dU/dΩ/dωRB, which depends on the
CMB temperature T ; its derivative T d/dT is the conversion factor from CMB anisotropy
units (∆T/T ) to energy anisotropy d∆U/dΩ/dωRB.
We may furthermore expand IT as IT = I1 − I2 − I3 + I4 − I5 + I6 − I7 − I8 and
IBT = I
B
1 − IB2 + IB3 + IB4 using the terms in Eqs. (7.17) and (7.18). We explicitly show these
integrals in Appendix C, and show only one of the involved integrals here for pedagogical
reasons – in particular, to illustrate how we handle the i terms. For example
I2 =
~2
4pi3c3kBTωA
∫ ∞
0
e~ω
R
B/kBTωRB
5
dωRB
(e~ω
R
B/kBT − 1)2(ωRB − i)2(ωRB − ωA − i)2
, (7.22)
where the exponential factor comes from the black body spectrum.
In order to simplify the integrals we utilize a combination of integration by parts and
principal value, e.g.
I2 = − F (ω
R
B)
(ωRB − ωA − i)
∣∣∣∞
0
+ PV
∫ ∞
0
F ′(ωRB) dω
R
B
ωRB − ωA
+ ipiF ′(ωRB = ωA), (7.23)
where the prime indicates differentiation with respect to ωRB, and
F (ωRB) ≡
~2
4pi3c3kBTωA
ωRB
3
e~ω
R
B/kBT
(e~ω
R
B/kBT − 1)2
(
1 +
2i
ωRB
)
. (7.24)
We proceed to numerically integrate the principal value with special care for the redshift
dependence in the temperature and frequency of the CMB photons. Furthermore, we include
the imaginary terms for completion here, even though these relate to differential absorption
on the two axes, which does not convert linear to circular polarization. We finally take the
limit of  → 0. We obtain the following values around recombination (1 + z = 1000), for
T = 2.73 (1 + z) K and ωRB = ωA = 2pi × 1011(1 + z) rad s−1
IT = (9.23− 35.2i)× 10−62 kg m−1 s2 (7.25)
and
IBT = (−5.78− 13i)× 10−62 kg m−1 s2. (7.26)
We estimate the order of magnitude of the birefringence due to plasma delay by replacing the
previous values into Eq. (7.19) to get ∆n ≈ (−7.31−0.24i)×10−40. Moreover, the subsequent
phase shift is given by
dφ
d ln a
=
ω
H
(nxx − nyy)
=
e4
20m
3
ec
2
nHxeω
H
(
−
√
2pi
105
Re a32 Re IT +
√
2pi
15
Re a22 I
B
T
)
= −2.4× 10−10
(1 + z
1000
)5/2
xe
(
−
√
2pi
105
Re a32
10−5
+
√
2pi
15
Re a22
10−5
)
. (7.27)
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Table 2: Summary table for sources of circular polarization at an observed frequency of 100
GHz. The final column shows the level of detail of the calculation (A = detailed numerical
evaluation of all line of sight factors and power spectra; B = the RMS was determined with
all relevant numerical pre-factors; C = the numerical pre-factors in the birefringence were
computed, but the full statistics of the line of sight integral were not computed).
Birefringence source Circular Polarization Level of
V (µK) detail
Photon-Photon scattering 1× 10−8 A
Static non-linear polarizability of hydrogen 1× 10−9 C
Spin polarized H atoms (low z, aligned by 21 cm) 3× 10−10 B
Plasma delay 3× 10−11 C
Spin polarized H atoms (high z, aligned by Hα) 5× 10−13 C
Note that this result is consistent with Eq. (7.2) estimated in the previous section.
Nevertheless, Eq. (7.27) is more rigorous because it includes the specific spherical harmonics
that are involved in this effect. In addition, it addresses the singularity that occurs at second
order or higher in the equations of motion when ωA = ωB.
In the end, the circular polarization produced, V ≈ 2.6 × 10−17 K, is small even in
comparison to the other sources of circular polarization studied in this work.
8 Conclusion
We have summarized our results for the circular polarization of the CMB due to the con-
ventional sources of cosmic birefringence considered in this work in Table 2. We see that of
the cosmological signals, all are very small compared to the linear polarization. The largest
of the cosmological contributions comes from photon-photon scattering during the epoch of
recombination (z ∼ 1000 in our model). The predicted RMS circular polarization for our
fiducial model is 13 fK; this may vary somewhat for more accurate computations, but in any
case the signal is tiny compared to present observational sensitivities or even compared to
dominant foregrounds such as Galactic synchrotron emission, which at ν = 10 GHz could
potentially reach circular polarization levels of ∼ 10−8 K [28]. At higher frequencies, the
Galactic foreground situation is improved: the circular polarization from synchrotron is ex-
pected to fall as V ∝ ν−3.5 but is still large compared to the expected signal, so ∼ 4 pK at
100 GHz.18 Note that thermal dust emission – the dominant foreground at > 100 GHz –
would be expected to have very low circular polarization, even though the grains are aligned,
because circularly polarized emission requires a phase delay between the x and y axes. This
phase delay and hence a net circular polarization can be imprinted on the thermal radiation
if the grain is rotating (see e.g. §4.2 of Ref. [52]), but this is very weak (of order Ωgrain/ω) will
only lead to circular polarization if the grain angular momenta have net vectorial alignment
(e.g. spin parallel to the ambient magnetic field more or less likely than anti-parallel), which is
18The foreground temperature scaling is in Rayleigh-Jeans units, so requires a factor of 1.29 to convert
to blackbody temperature at 100 GHz. The fractional circular polarization V/I ∼ 1/γ ∝ ν−1/2, so circular
polarization will have another −1/2 power of frequency relative to temperature.
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not necessarily expected in radiative grain alignment theory [53].19 Thermal magnetic dipole
emission from grains [54] could yield a stronger circular polarization signal, but again only
if vectorial alignment of the grains (this time between the permanent magnetic moment and
the ambient magnetic field) is achieved. We leave investigation of all of these possibilities to
future work; in any case, it is clear that there is at least one foreground (synchrotron) that is
far larger than the conventional cosmological signals.
In conclusion, none of the conventional sources of circular polarization studied in this
work are likely to be important in the foreseeable future. However, one could study non-
standard sources of circular polarization as a channel for new physics. For example: Lorentz
invariance violations [25, 55], primordial magnetic fields [25], non-commutative gauge theories
[56], and scattering with the cosmic neutrino background [26]; see Table 1 in [28] for a
summary of these sources of circular polarization. We view these searches as more promising
in light of the tiny contribution of conventional cosmological effects.
A Source term for polarized atoms from CMB anisotropies
This appendix considers the source term in Eq. (4.8). The main text motivates the “order
of magnitude” of this term, however a detailed treatment of the transition probabilities to
each level in the 2s→3p→1s scattering process is needed in order to get the correct numerical
pre-factor for this process. Note that the reported pre-factor is 1
16
√
10pi
≈ 0.011, so in fact
the suppression due to numerical pre-factors is very significant even if the factors are in some
sense “of order unity.” This is a common phenomenon in polarization problems.
Let us consider a hydrogen atom with the electron in the 2s orbital in a random spin state,
located in a CMB background with quadrupole moment Θ2m. For simplicity, we consider here
the case where only Θ20 6= 0, so that the radiation field is axisymmetric around the z-axis,
i.e. T = Tγ [1 + Θ20Y20(θ, φ)]. This axisymmetry also prevents any off-diagonal terms in the
density matrix between states of different total magnetic quantum number, which simplifies
our arguments. Our objective is to suppose that the atom undergoes 2s→3p→1s scattering
(by absorbing an Hα photon and then emitting a Lyβ photon), and then compute the density
matrix of the final 1s state.
The first step is to recognize that the excitation goes to either the 3pz orbital (orbital
quantum number ml = 0) or the 3px, 3py orbitals (ml = ±1), but with a random spin state.
The relative probabilities of going to the different orbitals is determined by the phase space
densities of photons where the receiving electric dipole antenna is aligned on the different axes
(the z-axis vs. in the xy-plane). An electric dipole on the z axis sees a beam-pattern-averaged
temperature of
Tz = Tγ
[
1 + Θ20
∫
B(θ, φ)Y20(θ, φ) sin θ dθ dφ
]
= Tγ
[
1− Θ20√
20pi
]
, (A.1)
where B(θ, φ) = 38pi sin
2 θ is the beam pattern normalized to integrate to unity. Similarly,
electric dipoles on the Tx and Ty axes see a temperature of
Txy ≡ Tx = Ty = Tγ
[
1 +
Θ20√
80pi
]
. (A.2)
19In the Larmor precession angle-averaged calculation – §7 of Ref. [53] – right-handed grains will prefer to
spin one direction and left-handed grains the other direction. A racemic mixture would not show vectorial
alignment, but would still have the “headless vector” alignment that produces linear polarization.
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Now the phase space density for the exciting Hα photons for absorption with the electric field
on the z-axis is
fz =
1
ehνHα/kBTz − 1 =
1
ehνHα/kBTγ − 1
[
1− 1√
20pi
1
1− e−hνHα/kBTγ
hνHα
kBTγ
Θ20
]
, (A.3)
where we perform a Taylor expansion. The phase space density for excitations with elec-
tric fields in the xy-plane is similar but with the replacement of the factor −1/√20pi with
+1/
√
80pi. We thus conclude that the probabilities for excitation to the 3p orbitals are
P→ml=−1 : P→ml=0 : P→ml=1 =
1
3 − 12δp : 13 + δp : 13 − 12δp, (A.4)
where
δp = − 1
3
√
20pi
1
1− e−hνHα/kBTγ
hνHα
kBTγ
Θ20. (A.5)
Our next step is to note that fine+hyperfine structure splits 3p into 12 quantum states
(3 orbital states, 2 electron spin, 2 nuclear spin). The excitation puts the atom into orbital
states in proportion to Eq. (A.4), and random electron and nuclear spin states, but ml is not
a conserved quantum number: instead, we should take our probabilities and project them
into the |j;FMF 〉 basis using the Clebsch-Gordan coefficients. (Here again j is the electron
total angular momentum, F is the total angular momentum including nuclear spin, and MF
is its z-projection.) The four ml = 0 states can be expressed in the |ml,ms,MI〉 basis as
|0, 12 , 12〉 =
√
1
2 |32 ; 21〉 −
√
1
6 |32 ; 11〉 −
√
1
3 |12 ; 11〉,
|0, 12 ,−12〉 =
√
1
3 |32 ; 20〉+
√
1
3 |32 ; 10〉 −
√
1
6 |12 ; 10〉 −
√
1
6 |12 ; 00〉,
|0,−12 , 12〉 =
√
1
3 |32 ; 20〉 −
√
1
3 |32 ; 10〉+
√
1
6 |12 ; 10〉 −
√
1
6 |12 ; 00〉, and
|0,−12 ,−12〉 =
√
1
2 |32 ; 2− 1〉+
√
1
6 |32 ; 1− 1〉+
√
1
3 |12 ; 1− 1〉. (A.6)
Because the fine and hyperfine splittings in 3p are larger than the natural state width, the
phases of the different j and F states will be randomized before the atom decays. Thus, if
the excitation goes to the ml = 0 orbital with the 4 spin states chosen at random, then the
probabilities for the excited states in the |j;FMF 〉 basis are:
• Probability 16 for each of |32 ; 20〉 and |32 ; 10〉;
• Probability 18 for each of |32 ; 21〉 and |32 ; 2− 1〉;
• Probability 112 for each of |12 ; 11〉, |12 ; 10〉, |12 ; 00〉, and |12 ; 1− 1〉;
• Probability 124 for each of |32 ; 11〉 and |32 ; 1− 1〉;
• Probability 0 for each of |32 ; 22〉 and |32 ; 2− 2〉.
We now consider the Lyman-β decay to the 1s level. The Clebsch-Gordan coefficents and
the Wigner-Eckart theorem can then be used to determine the amplitudes for decay of each of
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these states to the four |1s : FMF 〉 states. The decay rate for |(3p)j;FMF 〉 → |(1s)12 ;F ′M ′F 〉
is proportional to (see Eq. B2 of Ref. [57] and use the Wigner-Eckart theorem):
Prob[|(3p)j;FMF 〉 → |(1s)12 ;F ′M ′F 〉] ∝ (2j + 1)(2F ′ + 1)
{
1 j 12
1
2 0 1
}2
×
{
j F 12
F ′ 12 1
}2 1∑
q=−1
∣∣〈F ′M ′F , 1q|FMF 〉∣∣2 ,(A.7)
where the last object is a Clebsch-Gordan coefficient. A lengthy but straightforward calcula-
tion gives the final probabilities for the 1s states starting from excitation to 3p ml = 0:
P (F ′ = 0,M ′F = 0) =
1
4 ,
P (F ′ = 1,M ′F = −1) = P (F ′ = 1,M ′F = 1) = 524 , and
P (F ′ = 1,M ′F = 0) =
1
3 . (A.8)
The polarization of the final atomic state in this case is given by Eq. (13) of Ref. [36]
Pfinal20 =
1√
2
[P (F ′ = 1,M ′F = 1)− 2P (F ′ = 1,M ′F = 0) + P (F ′ = 1,M ′F = −1)] = −
1
12
√
2
.
(A.9)
Note that this is the polarization for pure excitation to 3p ml = 0, i.e. if δp = 23 ; since the
final polarization must be proportional to δp given Eq. (A.4), we must have
Pfinal20 = −
1
8
√
2
δp =
1
24
√
40pi
1
1− e−hνHα/kBTγ
hνHα
kBTγ
Θ20. (A.10)
Finally, the rate of sourcing polarized atoms through 2s→3p→1s scattering is Pfinal20 times the
rate at which atoms scatter through this channel (in units of atoms per available H nucleus
per unit time) is:
[Rate of 2s→ 3p→ 1s] = x2s3A3p→2s 1
ehνHα/kBTγ − 1
A3p→1s
A3p→1s +A3p→2s/(1− e−hνHα/kBTγ )
,
(A.11)
where the factor of 3 comes from the ratio of statistical weights of 3p:2s; the first exponential
factor is the blackbody phase space density of exciting photons; and the last factor is the
branching fraction for 3p→1s. Finally, multiplying Eq. (A.10) by Eq. (A.11), and taking the
Wien limit e−hνHα/kBTγ  1 (relevant for Hα at the surface of last scattering), we get the
source term in Eq. (4.8):
S20 =
1
16
√
10pi
x2s
A3p→2sA3p→1s
A3p→1s +A3p→2s
hνHα
kBTγ
e−hνHα/kBTγΘ20. (A.12)
(Note that since the choice of z-axis did not matter, this equation must hold for all m =
−2,−1, 0, 1, 2.)
B Supplemental information for line of sight of photon-photon scattering
Here we show the exact form of the integrals I1, I2, I3 and I4 used for the line of sight
suppression computation of the circular polarization from photon-photon scattering in §5.
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Also, we show the expansion of the 4-point functions into 2-point functions used for obtaining
the J integrals.
We write the 2-point function of the CMB circular polarization V˜ (k⊥), Eq. (5.24),
as four contributions from different combinations of the 4-point functions of the curvature
perturbations involved. Also, we make use of Eq. (5.19) to get
I1 =
A¯2
4
∫
d3k1
2pi
∫
d3k2
2pi
∫
ds
∫
d3k′1
2pi
∫
d3k′2
2pi
∫
ds′ (1 + z)4 (1 + z)′4 exp
{
−ik′1,‖s′ + ik1,‖s
}
×TE20(c ηLSS + s, k1)TE20(c ηLSS, k2)TE20(c ηLSS + s′, k′1)TE20(c ηLSS, k′2)Y ∗22(kˆ2)Y22(kˆ1)Y22(kˆ
′
2)
×Y ∗22(kˆ
′
1)〈ζ(k1)ζ∗(k2)ζ∗(k′1)ζ(k′2)〉δ2(k⊥ + k1,⊥ − k2,⊥)δ2(k′2,⊥ − k′1,⊥ − k′⊥), (B.1)
I2 = −A¯
2
4
∫
d3k1
2pi
∫
d3k2
2pi
∫
ds
∫
d3k′1
2pi
∫
d3k′2
2pi
∫
ds′ (1 + z)4 (1 + z)′4 exp
{
ik′1,‖s
′ + ik1,‖s
}
×TE20(c ηLSS + s, k1)TE20(c ηLSS, k2)TE20(c ηLSS + s′, k′1)TE20(c ηLSS, k′2)Y ∗22(kˆ2)Y22(kˆ1)Y ∗22(kˆ
′
2)
×Y22(kˆ′1)〈ζ(k1)ζ∗(k2)ζ(k′1)ζ∗(k′2)〉δ2(k⊥ + k1,⊥ − k2,⊥)δ2(k′1,⊥ − k′2,⊥ − k′⊥), (B.2)
I3 = −A¯
2
4
∫
d3k1
2pi
∫
d3k2
2pi
∫
ds
∫
d3k′1
2pi
∫
d3k′2
2pi
∫
ds′ (1 + z)4 (1 + z)′4 exp
{
−ik′1,‖s′ − ik1,‖s
}
×TE20(c ηLSS + s, k1)TE20(c ηLSS, k2)TE20(c ηLSS + s′, k′1)TE20(c ηLSS, k′2)Y22(kˆ2)Y ∗22(kˆ1)Y22(kˆ
′
2)
×Y ∗22(kˆ
′
1)〈ζ∗(k1)ζ(k2)ζ∗(k′1)ζ(k′2)〉δ2(k⊥ + k2,⊥ − k1,⊥)δ2(k′2,⊥ − k′1,⊥ − k′⊥), and (B.3)
I4 =
A¯2
4
∫
d3k1
2pi
∫
d3k2
2pi
∫
ds
∫
d3k′1
2pi
∫
d3k′2
2pi
∫
ds′ (1 + z)4 (1 + z)′4 exp
{
ik′1,‖s
′ − ik1,‖s
}
×TE20(c ηLSS + s, k1)TE20(c ηLSS, k2)TE20(c ηLSS + s′, k′1)TE20(c ηLSS, k′2)Y22(kˆ2)Y ∗22(kˆ1)Y ∗22(kˆ
′
2)
×Y22(kˆ′1)〈ζ∗(k1)ζ(k2)ζ(k′1)ζ∗(k′2)〉δ2(k⊥ + k2,⊥ − k1,⊥)δ2(k′1,⊥ − k′2,⊥ − k′⊥). (B.4)
Furthermore, using Wick’s theorem the 4-point functions can be expanded in to the
terms that connect the two triangles k⊥ = k1 − k2 and k′⊥ = k′1 − k′2, which are
〈ζ(k1)ζ∗(k2)ζ∗(k′1)ζ(k′2)〉 = 〈ζ∗(k1)ζ(k2)ζ(k′1)ζ∗(k′2)〉 = (2pi)6Pζ(k1)Pζ(k2)
× [δ3(k1 − k′1)δ3(k2 − k′2) + δ3(k1 + k′2)δ3(k2 + k′1)](B.5)
and
〈ζ(k1)ζ∗(k2)ζ(k′1)ζ∗(k′2)〉 = 〈ζ∗(k1)ζ(k2)ζ∗(k′1)ζ(k′2)〉 = (2pi)6Pζ(k1)Pζ(k2)
× [δ3(k1 + k′1)δ3(k2 + k′2) + δ3(k1 − k′2)δ3(k2 − k′1)] .(B.6)
Thus we obtained the I’s integrals and expanded the 4-point functions in terms of the pri-
mordial curvature power spectrum. Now, we can finally integrate out the perpendicular
component of k2 with the help of the 2D δ-functions to obtain the eight J integrals. The first
four of these are
J1 = (2pi)
2 A¯
2
4
δ2(k⊥ − k′⊥)
∫
d2k1,⊥
(2pi)2
∫
dk1,‖
2pi
∫
dk2,‖
2pi
|F (k1, k1,‖)|2 [TE20(c ηLSS, k2)]2
×Y ∗22(kˆ2)Y22(kˆ1)Y22(kˆ2)Y ∗22(kˆ1)Pζ(k1)Pζ(k2), (B.7)
J2 = (2pi)
2 A¯
2
4
δ2(k⊥ − k′⊥)
∫
d2k1,⊥
(2pi)2
∫
dk1,‖
2pi
∫
dk2,‖
2pi
F (k1, k1,‖)F (k2, k2,‖)
×TE20(ηLSS, k2)TE20(ηLSS, k1)Y ∗22(kˆ2)Y22(kˆ1)Y ∗22(kˆ2)Y22(kˆ1)Pζ(k1)Pζ(k2), (B.8)
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J3 = −(2pi)2 A¯
2
4
δ2(k⊥ − k′⊥)
∫
d2k1,⊥
(2pi)2
∫
dk1,‖
2pi
∫
dk2,‖
2pi
|F (k1, k1,‖)|2[TE20(ηLSS, k2)]2
×Y ∗22(kˆ2)Y22(kˆ1)Y ∗22(kˆ2)Y22(kˆ1)Pζ(k1)Pζ(k2), and (B.9)
J4 = −(2pi)2 A¯
2
4
δ2(k⊥ − k′⊥)
∫
d2k1,⊥
(2pi)2
∫
dk1,‖
2pi
∫
dk2,‖
2pi
F (k1, k1,‖)F (k2, k2,‖)
×TE20(ηLSS, k2)TE20(ηLSS, k1)Y ∗22(kˆ2)Y22(kˆ1)Y ∗22(kˆ1)Y22(kˆ2)Pζ(k1)Pζ(k2), (B.10)
which have k2,⊥ = k1,⊥ + k⊥. The remaining integrals are
J5 = −(2pi)2 A¯
2
4
δ2(k⊥ − k′⊥)
∫
d2k1,⊥
(2pi)2
∫
dk1,‖
2pi
∫
dk2,‖
2pi
|F (k1, k1,‖)|2[TE20(ηLSS, k2)]2
×Y22(kˆ2)Y ∗22(kˆ1)Y ∗22(kˆ1)Y22(kˆ2)Pζ(k1)Pζ(k2), (B.11)
J6 = −(2pi)2 A¯
2
4
δ2(k⊥ − k′⊥)
∫
d2k1,⊥
(2pi)2
∫
dk1,‖
2pi
∫
dk2,‖
2pi
F ∗(k1, k1,‖)F ∗(k2, k2,‖)
×TE20(ηLSS, k2)TE20(ηLSS, k1)Y22(kˆ2)Y ∗22(kˆ1)Y22(kˆ1)Y ∗22(kˆ2)Pζ(k1)Pζ(k2), (B.12)
J7 = (2pi)
2 A¯
2
4
δ2(k⊥ − k′⊥)
∫
d2k1,⊥
(2pi)2
∫
dk1,‖
2pi
∫
dk2,‖
2pi
|F (k1, k1,‖)|2[TE20(ηLSS, k2)]2
×Y22(kˆ2)Y ∗22(kˆ1)Y22(kˆ1)Y ∗22(kˆ2)Pζ(k1)Pζ(k2), and (B.13)
J8 = (2pi)
2 A¯
2
4
δ2(k⊥ − k′⊥)
∫
d2k1,⊥
(2pi)2
∫
dk1,‖
2pi
∫
dk2,‖
2pi
F ∗(k1, k1,‖)F ∗(k2, k2,‖)
×TE20(ηLSS, k2)TE20(ηLSS, k1)Y22(kˆ2)Y ∗22(kˆ1)Y ∗22(kˆ1)Y22(kˆ2)Pζ(k1)Pζ(k2), (B.14)
where k2,⊥ = k1,⊥ − k⊥.
C Supplemental information for plasma delay
In this section we present the integrals involved in the detailed calculation from section §§7.2.
Concretely, the integrals stem from Eqs. (7.20,7.21).
We start with IT , which we expanded as IT = I1 − I2 − I3 + I4 − I5 + I6 − I7 − I8. The
integrals are
I1 =
~2
4pi3c3kBTω2A
∫ ∞
0
e~ω
R
B/kBTωRB
5
dωRB
(e~ω
R
B/kBT − 1)2(ωRB + i)2(ωRB + ωA + i)
, (C.1)
I2 =
~2
4pi3c3kBTωA
∫ ∞
0
e~ω
R
B/kBTωRB
5
dωRB
(e~ω
R
B/kBT − 1)2(ωRB − i)2(ωRB − ωA − i)2
, (C.2)
I3 =
~2
4pi3c3kBTω2A
∫ ∞
0
e~ω
R
B/kBTωRB
5
dωRB
(e~ω
R
B/kBT − 1)2(ωRB + i)(ωRB − ωA − i)2
, (C.3)
I4 =
~2
4pi3c3kBTωA
∫ ∞
0
e~ω
R
B/kBTωRB
5
dωRB
(e~ω
R
B/kBT − 1)2(ωRB + i)2(ωRB + ωA + i)2
, (C.4)
I5 =
~2
4pi3c3kBTω2A
∫ ∞
0
e~ω
R
B/kBTωRB
5
dωRB
(e~ω
R
B/kBT − 1)2(ωRB − i)(ωRB + ωA + i)2
, (C.5)
I6 =
~2
4pi3c3kBTω2A
∫ ∞
0
e~ω
R
B/kBTωRB
5
dωRB
(e~ω
R
B/kBT − 1)2(ωRB + i)2(ωRB − ωA − i)
, (C.6)
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I7 =
~2
2pi3c3kBTω2A
∫ ∞
0
e~ω
R
B/kBTωRB
5
dωRB
(e~ω
R
B/kBT − 1)2(ωRB + i)(ωRB + ωA + i)2
, and (C.7)
I8 =
~2
2pi3c3kBTω2A
∫ ∞
0
e~ω
R
B/kBTωRB
5
dωRB
(e~ω
R
B/kBT − 1)2(ωRB − i)(ωRB − ωA − i)2
, (C.8)
where the exponential factor comes from the black body spectrum.
Similarly, for the case of IBT = I
B
1 − IB2 + IB3 + IB4 we have
IB1 =
~2
4pi3c3kBTω3A
∫ ∞
0
e~ω
R
B/kBTωRB
4
dωRB
(e~ω
R
B/kBT − 1)2(ωRB + ωA + i)
, (C.9)
IB2 =
~2
4pi3c3kBTω3A
∫ ∞
0
e~ω
R
B/kBTωRB
4
dωRB
(e~ω
R
B/kBT − 1)2(ωRB − ωA − i)
, (C.10)
IB3 =
~2
4pi3c3kBT
∫ ∞
0
e~ω
R
B/kBTωRB
4
dωRB
(e~ω
R
B/kBT − 1)2(ωRB + i)(ωRB − i)(ωRB + ωA + i)2
, and (C.11)
IB4 =
~2
4pi3c3kBT
∫ ∞
0
e~ω
R
B/kBTωRB
4
dωRB
(e~ω
R
B/kBT − 1)2(ωRB − i)(ωRB + i)(ωRB − ωA − i)2
. (C.12)
In general the strategy for handling such integrals involved a combination of integration by
parts and principal value while being careful about the redshift dependence of both temper-
ature and frequency of CMB photons. Finally, one should take the limit as → 0.
D Anisotropic 21 cm radiation in expanding media
Peculiar velocities and the expansion of the universe modify the emission and absorption
process for photons in a narrow spectral line such as 21 cm. In what follows we want to
illustrate the way these particular pieces are present in the calculation done in §3. The
purpose here is to provide a simplified calculation with only the essential physical ingredients,
and with the minimal amount of formalism. For the full detailed calculation an interested
reader should consult Ref. [36].
The key physics to comprehend here are what happen to a spectral line in a moving
medium, and how velocity gradients imply anisotropic 21 cm radiation. For simplicity, we
will compute the alignment of the hydrogen spins for the special case of kˆ in the zˆ direction
(other choices are related by symmetry). Spectral lines are usually represented by δ-functions;
nevertheless, there are broadening effects, and these must be taken into account when doing
line radiative transfer to obtain a finite result. For 21 cm radiation, the most important local
broadening source is Doppler broadening due to the thermal motion of the hydrogen atoms,
and the line center is shifted in accordance with the (position-dependent) bulk velocity of the
gas. We work in the optically thin limit τ  1, where we can approximate the emission of
21 cm radiation as isotropic, and then obtain the direction-dependent absorption using line
radiative transfer. (It is true that the resulting polarized atoms will produce anisotropic 21
cm emission, which in turn imprints an additional anisotropy in the absorption, but this is
at the next higher order in τ .)
Without loss of generality, let us consider the absorption of 21 cm radiation by gas at
the origin, and work in the reference frame where the bulk velocity of the gas at the origin is
zero. We need to know the cross section for absorption of radiation that was emitted by gas
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at a position r. The emitting gas has a bulk velocity v given by vi = (Hδij + ∂jvp,i)rj and
random velocities of σ =
√
kBTkin/mH (root-mean-square per axis, for a hydrogen atom, at
kinetic temperature Tkin). This cross section (units: m2) is given by
σcs = N
c
ν21
1√
2pi(2σ2)
exp
{
− l
2
2(2σ2)
[(Hδij + ∂jvp,i)nˆinˆj ]
2
}
, (D.1)
where N = 3c2Ahf/(8piν221) =
∫
σabs(ν) dν is the normalization (units: m2 s−1), Ahf is the
hyperfine transition Einstein coefficient, and we have broken the position into a path length
(l) and a direction nˆ: r = lnˆ. The extra factor of two in the variance comes from taking
into account that there is thermal broadening in both the emission and absorption processes,
i.e., σ2em + σ2abs = 2σ
2. The factor of c/ν21 is the conversion factor from frequency to velocity
(since the Gaussian is normalized when integrated over velocity).
On the other hand, the rate of absorption per unit volume per unit solid angle dΓabs/dΩ
(units: cm−3 s−1) for an absorption cross section σcs is
dΓabs
dΩ
≈ 1
4pi
∫ ∞
0
dl
(
nHIx0 − nHIx1
3
)
Γemσcs , (D.2)
where xi is the fraction of hydrogen atoms in the i state (either ground state F = 0 or excited
state F = 1). The second term takes into account stimulated emission (it is treated as negative
absorption). To lowest order in T?, we have x0 = 14 +
3
16T?/Ts and x1 =
3
4 − 316T?/Ts.20 The
net emission rate (units: cm−3 s−1) is approximately given by
Γem = nHIAhf
[
x1
(
1 +
1
eT?/TCMB − 1
)
− 3x0 1
eT?/TCMB − 1
]
≈ 3
4
nHIAhf
(
1− TCMB
Ts
)
,
(D.3)
where we included spontaneous and stimulated (by the CMB) emission minus absorption,
and carried out the usual algebraic simplifications.
We now make the assumption that a particular hydrogen atom only sees a small part
of the total perturbations, i.e., we consider only modes of wavelengths much larger than the
Jeans length, which in this case is of order σ/H. (This will be true for the modes where the
gas is actually clustering with the dark matter.) We further recall that for linear growth, the
velocity gradient is related to δ via ∂jvp,i = −Hkˆikˆj δ. Finally, we recall that the Sobolev
optical depth is
τ =
3c3Ahf
8piν321H
(
nHIx0 − nHIx1
3
)
=
N
H
c
ν21
(
nHIx0 − nHIx1
3
)
. (D.4)
20These are the solutions to the total abundance constraint x0 + x1 = 1 and the Boltzmann condition
x1/x0 = 3e
−T?/Ts .
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With all of these replacements, Eq. (D.2) becomes
dΓabs
dΩ
=
1
4pi
∫ ∞
0
dl
(
nHIx0 − nHIx1
3
) 3
4
nHIAhf
(
1− TCMB
Ts
)
N
c
ν21
1√
2pi(2σ2)
× exp
{
− l
2
2(2σ2)
[(Hδij + ∂jvp,i)nˆinˆj ]
2
}
=
1
8pi
(
nHIx0 − nHIx1
3
) 3
4
nHIAhf
(
1− TCMB
Ts
)
N
c
ν21
1
(Hδij + ∂jvp,i)nˆinˆj
=
1
8pi
τ
3
4
nHIAhf
(
1− TCMB
Ts
)
1
(δij + ∂jvp,i/H)nˆinˆj
≈ 3
4pi
τnHIAhf
8
(
1− TCMB
Ts
)(
1 + δ(kˆ · nˆ)2
)
. (D.5)
(The last line uses the first-order expansion of the reciprocal.) With the help of Eq. (73) from
[36] and with nˆ in the z axis we expand the dot product and obtain the perturbation to the
absorption rate
dΓabs
dΩn
∣∣∣
pert
=
3τnHIAhf
8
(
1− TCMB
Ts
)
cos2 θ δ
√
4pi
5
Y20(kˆ) . (D.6)
We next need the excitation rate to each of the three excited states, m = −1, m = 0, and
m = +1. To obtain this, we integrate the anisotropic absorption rate with the appropriate
electric dipole antenna patterns. In the case of m = 0, the electric dipole is aligned with the
z axis and we have
Γabs(m = 0) =
1
3
∫
dΓabs
dΩ
3
8pi
sin2 θ dΩ =
nHIτAhf
8
(
1− TCMB
Ts
)
δ
√
4pi
5
Y20(kˆ)
1
5
. (D.7)
Here 38pi sin
2 θ is the beam pattern (normalized to integrate to 1), and the factor of 13 is
introduced because for an isotropic distribution 13 of the excitations go to m = 0. Similarly
for m = ±1 the angular integrals give a factor of 25 .
Finally, we need to take the excitation rate to each state, and determine the resulting
spin alignment. From Eq. (13) in [36], the “20” polarization moment is P20 = 1√2(ρ11−2ρ00 +
ρ−1−1). There is a conversion from excitation rate (cm−3 s−1) to dimensionless probability
of tlife/nHI, where tlife is the lifetime of the atom in the excited state before it is disturbed.
Thus:
P20 ∼ 1√
2
tlife
nHI
[
Γabs(m = +1)− 2Γabs(m = 0) + Γabs(m = −1)
]
, (D.8)
where the lifetime is given by the stimulated emission adjusting for small corrections from
both collisions and Lyman-α pumping, e.g. t−1life = Ahf
TCMB
T∗ (1 + xα + xc).
21
Hence combining the absorption rates into Eq. (D.8) we get
P20(k) = 1
20
√
2
τ
1 + xα + xc
T∗
Tγ
(
1− Tγ
Ts
)
δ(k)
√
4pi
5
Y20(kˆ) . (D.9)
As expected, the velocity gradient enters Eq. (3.13), but does so through the factor of density
perturbations since we used the linear relation between velocity and density modes.
21The factors xα,(2) and xc,(2) differ from xα and xc because they take into account the fact that Lyman-α
scattering or collisions can change the polarization state of an excited hydrogen atom, while leaving it in the
excited hyperfine state. This is treated in detail in Ref.[36] and will not be repeated here.
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